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Notes About AP Calculus Free-Response Questions

e The solution to each free-response question is based on the scoring guidelines from the
AP Reading. Where appropriate, modifications have been made by the editor to clarify
the solution. Other mathematically correct solutions are possible.

e Scientific calculators were permitted, but not required, on the AP Calculus Exams in
1983 and 1984.

e Scientific (nongraphing) calculators were required on the AP Calculus Exams in 1993
and 1994.

e Graphing calculators have been required on the AP Calculus Exams since 1995. From
1995 to 1999, the calculator could be used on all six free-response questions. Since the
2000 exams, the free-response section has consisted of two parts -- Part A (questions 1-
3) requires a graphing calculator and Part B (questions 4-6) does not allow the use of a
calculator.

e Always refer to the most recent edition of the Course Description for AP Calculus AB
and BC for the most current topic outline, as eatlier exams may not reflect current exam
topics.
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1969 AB1

Consider the following functions defined for all x:

hx)=x
fr(x)=xcosx
f3(x) =3¢
fa(0) =x—|x]|

Answer the following questions (a, b, ¢, and d) about each of these functions. Indicate
your answer by writing either yes or no in the appropriate space in the given rectangular
grid. No justification is required but each blank space will be scored as an incorrect
answer.

Questions Functions
S fH | f Ja

(@) Does f(=x)=—7(x)

(b)  Does the inverse function exist for all x?

(c) Is the function periodic?

(d)  Is the function continuous at x =0 ?
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1969 AB1

Solution
Questions Functions
h| L | K| &
(a) Does f(—x)=—f(x) Yes | Yes | No No
(b)  Does the inverse function exist for all x? | Yes | No ok No
(c) Is the function periodic? No No No No
(d)  Is the function continuous at x =0 ? Yes | Yes | Yes | Yes
Six)=x f>(x)=xcosx
A y
A
A -
f3(x) =3¢ fo()=x—|x]

_/

** 1t is not clear how this question was meant to be interpreted and answered for the
function f; during the 1969 exam. Reasonable arguments can be made for both an

answer of “No,” and for an answer of “Yes.” No student lost credit for either answer.

If one assumes that the question asks if the inverse function exists and has a domain
of all real numbers (i.e., exists for all x), then the answer is "No" since the range of
/5 consists only of the positive numbers.

If one assumes that the question simply asks if an inverse function g exists for which
g(f3(x)) = x for all x, then the answer is "Yes."
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1969 AB2/BC2

A particle moves along the x-axis in such a way that its position at time ¢ is given by
x=3t*—161° +24¢* for -5<1<5.

(a) Determine the velocity and acceleration of the particle at time ¢.
(b) At what values of ¢ is the particle at rest?
(c) At what values of ¢ does the particle change direction?

(d) What is the velocity when the acceleration is first zero?

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 AB2/BC2

Solution
(@) v =%=12t3 — 4817 + 48 = 12612 — 41+ 4) = 12¢(t - 2)*
a :% =361> — 961 +48 =12(3t> 81 +4) =123t - 2)(t - 2)

(b) The particle is at rest when v=0. This occurs when =0 and 7 =2.

(c) The particle changes direction at # =0 only.

(d) a=0 when ¢ :§ and ¢ =2. The acceleration is first zero at ¢ = %

CREE
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1969 AB3/BC3

Given f(x)= 1 +In x, defined only on the closed interval 1 <x<e.
X e

(a) Showing your reasoning, determine the value of x at which f has its

(1) absolute maximum,
(i) absolute minimum.

(b) For what values of x is the curve concave up?

(¢) On the coordinate axes provided, sketch the graph of f over the interval 1 <x<e.
e

. . . .2 .
(d) Given that the mean value (average ordinate) of f over the interval is ——, state in
e —

words a geometrical interpretation of this number relative to the graph.

1/e 1 2 e 3
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1969 AB3/BC3

Solution
, 1 1 x-1
(@ [f(X)=-F+—="—75"
X X X
f'(x)=0 at x=1.
The three candidates are
SM=1
f(l):e—l
e
fl@=2+1=1
e e

) ) 1 .. )
Therefore the absolute maximum is at x =— and the absolute minimum is at x=1.
e

b f=2-L 2o for Lex<a,
X x X e
Therefore the curve is concave up for —<x<2.
e
(©)
y
A
2 4
1 4
= i : —t—>X
/e 1 2 e 3

(d) il is the height of a rectangle of width (e—lj and having the same area as that
e— e

enclosed by the graph of y = f(x), the vertical lines x = 1 and x =e, and the
e

X-axis.
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1969 AB4/BC4

The number of bacteria in a culture at time ¢ is given approximately by
3 =1000(25+te~"'?%) for 0<¢<100.

(a) Find the largest number and the smallest number of bacteria in the culture during
the interval.

(b) At what time during the interval is the rate of change in the number of bacteria a
minimum?
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1969 AB4/BC4

Solution
@ 3 =1000( ——= /20 1 o720 | _1000e7/20[ 1- -
20 20
y'=0atr=20

Atz=0, y=1000(25)
At£=20, y=1000(25+20e")
At£=100, y=1000(25+100e™)

The minimum number of bacteria is 1000(25) .

Since 20e”' >100e™> because e* > 5, the maximum number is 1000(25 + 206_1) .

(b) ¥ =1000¢ "% —i+(1—ij(—iJ =10ﬂe—f/2°(—1—1+ij
20 L2007 20))" 20 20

_ 50¢71/20 (i— 2)
20

y"'=0 at t=40

At7=0, y'=1000
At£=40, y' =1000(—e2)
At£=100, y' =1000(—4e ")

The rate of change is a minimum at ¢ = 40.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 ABS
Let R denote the region enclosed between the graph of y = x> and the graph of y =2x.

(a) Find the area of region R.

(b) Find the volume of the solid obtained by revolving the region R about the y-axis.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 ABS
Solution

Intersection: x> =2x when x=0 and x=2

(a) Area = L)z (2x - x° )dx

T
3 3 3
0
or
(42 Y
Area _Io [y Ejdy
4
_Z2pp_y)p 16, 4
3 4 0 3 3
(b) Shells:

4
2
Volume = 271J-O x(2x— xz)dx =27 (% X - 2

Disks:

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 AB6

»
>

(0.7)

(=b0,0) (5,0)

An arched window with base width 26 and height % is set into a wall. The arch is to be
either an arc of a parabola or a half-cycle of a cosine curve.

(a) Ifthe arch is an arc of a parabola, write an equation for the parabola relative to the
coordinate system shown in the figure.

(b) If the arch is a half-cycle of a cosine curve, write an equation for the cosine curve
relative to the coordinate system shown in the figure.

(¢) Of these two window designs, which has the greater area? Justify your answer.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 AB6
Solution

(a) y:Ax2+Bx+C

h=4-0>+B-0+C=C
0= Ab>+Bb+C=Ab> +Bb+h

=B=0
0=Ab> —Bb+C=Ab*> —Bb+h

Ab2+h=o:>A:—bi2
Therefore y = —b%xz +h :biz(bz —xz).

2
The parabola could also be written as X2 = —7( v—nh).

(b) y=AcosBx

h=Acos0=4
0= AcosBb

e08 Bh="=p="
0= Acos B(—b) = Acos Bb 2 2b

Therefore y =hcos o
2b

2h[2b3):@

by, 3

h X

¢) For parabola, area = b? —x})dx =2—| b*x ——
© P J =) bz( J p*\ 3 3

0ob 3

b
For cosine design, area = 2J hcos [Ej dx=2h (%j sin (E]
0 2b i 2b

The parabola design has the greater area since 3 <.

" _4bh

T

0

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 AB7

X —X
(a) On the coordinate axes provided, sketch the graph of y = %

(b) Let R be a point on the curve and let the x-coordinate of R be » (r #0). The
tangent line to the curve at R crosses the x-axis at a point Q. Find the coordinates

of Q.

(c) If P isthe point (7,0), find the length of PQ as a function of » and the limiting
value of this length as 7 increases without bound.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 AB7
Solution

(a)

(b) Method 1

¥ -
, e —e

y = >

The equation of the tangent line
at the point R is

X

er+e r er_ r
- = (x—r) or
2 2
e —e " e +e" e —e"
y: X - r
2 2 2

The line crosses the x-axis when y = 0.
e +e’

e}’ _ e—}"

This happens at x =r—

e +e’

The coordinates of Q are (r -

e}’ _ e—}"

— re 1+
(C) PQ: r - —2r
e —e l-e
—2r
lim PO = lim - =1
0 row]l—eg <"

o)

Method 2 (hyperbolic functions)

vy = cosh(x)
y" =sinh(x)

The equation of the tangent line at
the point R is

y—cosh(r) =sinh(r)-(x—r) or
y =sinh(r) - x + cosh(x) — 7 sinh(r)

The line crosses the x-axis when
v =0. This happens at

x =r—coth(r).

The coordinates of Q are
(r —coth(r),0).

PO = coth(r)

lim PO = lim coth(r) =1

r—>0 r—>®0

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC1

A closed region R of the plane has y =1+sin (%) as its upper boundary, y = % as its

lower boundary, and the y-axis as its left-hand boundary.
(a) Sketch the region R on the axes provided.

(b) Set up but do not evaluate an integral expression in terms of the single variable x for
each of the following:

(1) thearea 4 of R,
(i) the volume V of the solid obtained by revolving R about the x-axis,
(i11) the total perimeter P of R.

»
-

Y
=

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC1

Solution
(@)
y
A
2 -
R
1B
A 1
1

2
- _ NECANE
(b) (1) Area —JO [1+s1n( 5 J 2jdx
2 5 5
(i) Volume nJ' [(1+sin(ED —(fj de
. 2 2

(1) Let y; =1+sin (%j be the curve for the upper boundary. Then

y = gcos (%) . The total perimeter is

P=A_C+E+§E=J§+1+J
0

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC5S

(a) Prove that the area of the region in the first quadrant between the curve y =¢ " and
the x-axis is divided into two equal parts by the line x=In2.

(b) If the two regions of equal area described in part (a) are rotated about the x-axis, are
the resulting volumes equal? If so, prove it. If not, determine which is larger and by
how much.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC5
Solution

(a) Method 1

In2 _ _In2 _ 1 1
ALeftz_[ e dx=—e| =l-eM=l-—=—
0 0 2 2
o R . R R
Apign = [ e dx=Tim [ e dv=lim (e )| = lim (e " +e"%)=
In2 R—o0¥ In2 R— In2  R-w

Hence the line x =In2 divides the region into two parts of area both equal to %

Method 2
ko, Lk »
ALeft:IOe dx=—e 0=l—e
ARight = _[ "¢ ¥ dx = lim Re_x dx = lim (—e™™) 3 = lim (—e_R + e_k) —e ¥
N k R k R— k' Roowo
The two areas will be equal if 1- eh=et,

2e 1= ef=2=k=m2

Hence the line x =1n2 divides the region into two parts of equal area.

02 1 In2
(b)  Vieq = TEJ.O (e_x)2 dx = n(—ae_zxj

0

O x\2 . R oy
Vi: =nI e " dx:nhm_[ e “Ydx
Right In2 ( ) In2

R—©
R
—2x
: e T .. _ _ T
=7 lim | — =—11m(—e 2R+e21nz)=—
R—o 2 n2 2 R—w 8
n

The volumes are not equal. The volume of the left region is larger by the amount

T

Viefi = VRight = 2

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC6

Assume that the graph of a function f passes through the origin and has slope 2 at that
point.

(a) Determine f(x) if f"(x)+2f'(x)=0 forall x.

(b) Determine f(x) if f"(x)+2f'(x)=2 forall x.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC6
Solution

(@) m*+2m=0=>m=0,-2
The general solution is f(x) = C; + Coe >*. Then f"(x)=-2Cye >*. Since the

function passes through the origin with slope 2,

0=/,(0)=C+C,
2= £(0)=-2C,

Therefore C, =—1 and C; =1.
f@)=1-¢*
(b) We need to find a particular solution. Since a constant function is already a solution

to the homogeneous equation given in part (a), we try a function of the form
¥, = Ax . Substituting into the differential equation gives

0+24=2

andso 4=1. Hence y, = x and the general solution to the differential equation is

f(x)=C +Cre™™ +x.

Using the initial conditions,

1 1
Cy=—=, C,=—
27 > 1y

0=£(0)=C +C, }
=
2=1"(0)=-2C, +1

1 —2x
Hence f(x):E(l—e )+x

(Note: there are other methods that can be used to find a particular solution or the
general solution, such as variation of parameters or reduction of order.)

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1969 BC7

n

1
Given the finite sum S, = E .
8 k=1 1+ kz

(a) By comparing S, with an appropriate integral, prove that S, <arctann for n >1.

(b) Use part (a) to deduce that Z 5
k=1 1+k

exists. Show your reasoning.

! <

(c) Prove that <
1+ k2

T
>

NG

o0
<3
k=1

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1969 BC7
Solution

k=1
k=2
[ ki=n 1| i
1 2 n—1 n
" dx
(a) S, is alower (right) Riemann sum for J 2 dx . Therefore
o 1+x

" dx
S, < 5 =arctann.
0o l+x

(b) S, is monotone increasing (by inspection).

© dx " dx T
J 5 dx = lim 5 dx = lim arctann = —
o 1+x n—oJ)o 1+x n—>0 2

So by part (a), the sequence (S,,) is bounded above. Since the sequence is
increasing and bounded,
k

= lim S, exists.
] ]+k2 now

(c) By considering S, as an upper (left) Riemann

sum and also using part (a),
J deSnSJ 5 dx. k=1
1

1+x2 o 1+x T

s
Therefore arctan(n+1)— 2 <§, <arctann.

. T . )
lim [arctan(n +1) ——j < lim S, < lim arctann .
n—0 4 ) now n—>0

1
<

Hence 3 E.
1+k~ 2

T Sz ! SEwhichgiveszsz
2 2 4 a3

r
4 k=1 1+k2

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB1/BC1
Given the parabola y = X2 —2x+3:

(a) Find an equation for the line L, which contains the point (2,3) and is perpendicular
to the line tangent to the parabola at (2,3) .

(b) Find the area of that part of the first quadrant which lies below both the line L and
the parabola.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB1/BC1
Solution

(a) y'=2x-2

The slope of the line tangent to the parabola is m = 2. Therefore the slope of the

line L that is perpendicular to the tangent line is 5 The equation of the line L is

y—3:—%(x—2),or y:—%x+4,or x+2y=8.

(b)

O F -2
7/

\

=

201 2003
4 :J ((——x+4j—(x2 —2x+3)jdxzj (1+—x—x2jdx
L2 o2

(eréx2 —lx3j
4 3

2
A4, =I0 (x2 —2x+3)dx=(%x3 —x? +3x)

2

0

8
A :J (—lx+4jdx =9 (or A3 =l-6-3 =9 using area of the triangle)
S\ 2 2

Area of triangle (A4 + A, + A3) 1s %-8-4:16

Method 1: area = 4, + A5 :%

Method 2: area =16— 4, =16—§:%

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB2

A function f is defined on the closed interval from —3 to 3 and has the graph shown below.

Yy
A
44
2_
::::::n/:\::::=x
6 4 2 2 4 6
-2+
4

(a) On the axes provided sketch the entire graph of y = | f (x)| .

(b) On the axes provided sketch the entire graph of y = f (| X |) .

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



(¢) On the axes provided sketch the entire graph of y = f(—x).

(d) On the axes provided sketch the entire graph of y = f (%x] .

() On the axes provided sketch the entire graph of y= f(x-1).

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB2

Solution
@ y=|f@) (b)  y=rs(]x)
Yy Yy
A A
\3 1
—t—t—t—— \l/:\i —t— X —t— l/l\' 1 /:\1 —t——>
6 4 =2 | 2 4 6 6 4 =2 N 2 4 6
24 2
i i
() y=f(-x d y= f(%x)
Yy Yy
A A
24 21
—t— :/l\ 1 —t—t—t—+— X —t—t—t—— 1 } 'l/l\i >
% 4 =2 N__2 4 &6 6 4 2 |- 4 6
_2-_—\ L1l
i i
(e) y=/f(x=1)
Yy
A
2_-

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB3/BC2

4 1

Consider the function f given by f(x)= x3 +4x3 on the interval -8 < x<8.

(a)
(b)
(c)

(d)
(e)

Find the coordinates of all points at which the tangent to the curve is a horizontal line.
Find the coordinates of all points at which the tangent to the curve is a vertical line.

Find the coordinates of all points at which the absolute maximum and absolute
minimum occur.

For what values of x is this function concave down?

On the axes provided, sketch the graph of the function on this interval.

y
A

241

18+

12+

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB3/BC2
Solution

(2)

(b)
(c)

(d)

(e)

f(x):x‘l/3 +4x"3 :x1/3(x+4)

PO N T S T B e |
AR _3()(2/3)

f'(x)=0 at x=—1. There is a horizontal tangent at (—1,-3).
There is a vertical tangent at (0,0).

The absolute maximum and absolute minimum must occur at a critical point or an
endpoint. The candidates are

(-8,8), (~1,-3), (0,0), and (8,24)

So the absolute maximum is at (8,24) and the absolute minimum is at (—1,-3).
" 4 23 8 53 4(96—2)
X)y=—x T’ —=x"" ==

The graph is concave down for 0 <x < 2.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB4

A right circular cone and a hemisphere have the same base, and the cone is inscribed in
the hemisphere. The figure is expanding in such a way that the combined surface area of
the hemisphere and its base is increasing at a constant rate of 18 square inches per
second. At what rate is the volume of the cone changing at the instant when the radius of
the common base is 4 inches? Show your work.

Note: The surface area of a sphere of radius » is S = 47r% and the volume of a right

circular cone of height /# and base radius r is V' = %nrzh .

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1970 AB4
Solution

Method 1:

The combined surface area of the hemisphere and its base is

S= %(410’2) +mr? =3

18=d—S:6nr£:>ﬂ= 3
dt dt dt mr

Since the height of the cone is /# =r, the volume of the cone is V' = %nr3

d—V:nrzﬂ:nrz(i)zﬁ
dt dt T

Atr=4, Y 1
dt

Method 2:
3

As in method 1, S =3nr> and so V =%n(3ij2.
T

1 1
av 1 3(sz 1 dS_l(S]zd_S

.371 dt _g

d 3 2031 3n) dr

When r=4, S =48n and so 62—1;:%-4-18=12
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1970 ABS

A particle moves along the x-axis in such a way that at time # > 0 its position coordinate

is x =sin(e’).
(a) Find the velocity and acceleration of the particle at time ¢.
(b) At what time does the particle first have zero velocity?

(c) What is the acceleration of the particle at the time determined in part (b)?
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1970 AB5S
Solution

(a) x=sin(e)

dx
v=—=2¢'cos(e')

dt

a= % = ¢'(cos(e') — e’ sin(e"))

(b) v(t)=0 when cos(e’) =0. Hence &' :g gives the first time when the velocity is

T
zero, and so f = lng.

T) W T M. T n?
(¢) a|ln—|=—|cos———sin— |=——
2) 2 2 2 2 4
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1970 AB6/BCS

A parabola P is symmetric to the y-axis and passes through (0,0) and (b, e_bz) where
b>0.

(a) Write an equation for P.

(b) The closed region bounded by P and the line y = e? ’ is revolved about the y-axis
to form a solid figure F. Compute the volume of F.

(c) For what value of b is the volume of F' a maximum? Justify your answer.
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1970 AB6/BC5
Solution

(a) y:Ax2+Bx+C.

Since y = 0 when x = 0, must have C = 0.
Since the graph is symmetric to the y-axis, must have B = 0.

_b?
. _p? e
Since e ”" = Ab? , must have 4 =—.
b
x° —b? 2 2 b
Therefore y =—e  orx = yb~e
b

(b) Disks:
2
-»? -v? 2 2 2\¢ 1 2
R R 2 b L 2 B YT _L 2
Volume = ﬂj.o x“dy= nJ-O yb“e” dy=mnb’e { 5 J 5 nb“e
0
Shells:
b b
2 2 4
Volume =2n| x e_b2 —x—ze_b2 dx = ZTte_b2 x__x_2 = lnbze_b2
0 b 2 4p 0 2

© V(b)= %nb%—bz
V'(b) = nb(1-h>)e

V'(b)=0 when b=-1,0, or 1. Since b > 0, the only viable solution is b=1.

V'(b)= e (2b* —5b% +1) <0 when b = 1. Therefore there is a local maximum at

b =1. Since this is the only critical point for b > 0, it is also the absolute maximum
for b > 0. Another way to justify the absolute maximum at b = 1 is to observe that
V'(b) >0 for 0 <b <1, so that V(b) is increasing on this interval, and V'(b) <0 for

b>1, so that V() is decreasing for b >1.
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1970 AB7

From the fact that sinz <7 for all >0, use integration repeatedly to prove the following
inequalities. Show your work.

2 2

l—ix Scosxsl—lx +ix4 forall x>0
21 2! 4|
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1970 AB7
Solution

Given sint <t for all >0, integrate both sides over the interval 0<¢ <x for x>0.

X . X
I s1ntdt£J- tdt
0 0

2X

X t
—cost| < —
0™ 2

0

2

X

—cosx+1< —
2

2
cosle—x? for x>0

Now integrate both sides with respect to ¢ over the interval 0 <z <x for x>0.

* 2
X t
I costa’tZJ (1——}#
0 2
0
X
sint|x> t—i
0 6
0

3
) X
smex—? for x>0

Now integrate both sides with respect to ¢ over the interval 0<¢ <x for x>0.

x 3

X t
j smtdeJ (t——jdt

0 . 6

2 4\
_cost|;;2(%_;_4]

0

2 x4

—-cosx+1>———
2 24

2 4
cosxsl—x—+x— for x>0
2 2
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1970 BC3

A particle moves along the x-axis in such a way that at time ¢ > 0, its position coordinate

is x =sin(e’).
(a) Find the velocity of the particle at time ¢.
(b) At what time does the particle first have zero velocity?

(c) Show that the length of time between successive instants at which the particle has
zero velocity decreases as ¢ increases.
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1970 BC3
Solution

(a) x=sin(e")
v=e¢ cos(e')
(b) v(t)=0 when cos(e’) =0. Hence &' :g gives the first time when the velocity is

s
zero, and so ¢ = lnE.

() v(t)=0 when ¢ =(2n— l)g , thatis, at ¢, = ln((2n —-1) gj for each integer n. Let

) . 2n+1
T'(n) be the time between instants n and n+1. Then T(n)=¢,,,—t, =1n 2” il

n—1"

Method 1:

2 pen Py =4
2x—1 (2x+1)(2x-1)

decreasing function of x for x >1. Therefore 7(n) decreases as n increases.

Let 7(x)=1n <0 for x>1 andso 7T(x) is a

Method 2:
Since 2ntl_ 1- 2 is a decreasing function of # and In x is an increasing
2n—1 2n—1

function, then the composition 7'(n) is a decreasing function.
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1970 BC4

2

(a) Find the general solution of the differential equation —Z ;j +25y=0.

X
. . . . . d? vy dy

(b) Find the general solution of the differential equation F — 6d_ +25y=0.

X X
. . . d? y _dy .
(c) For the differential equation F - 6d_ +25y =0, find the solution that has a
X X

graph passing through the point (0,2) with slope 6.
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1970 BC4
Solution

(a y'+25y=0
The auxiliary equation m? +25=0 has roots m =5i.

The general solution is y = C sin5x + C, cos 5x

This can also be written as y = C;sin5x+ C, cos5x or y =Cscos(5x+Cg).

(b) The auxiliary equation m? —6m+25=0 has roots m=3+4i .

The general solution is y = &* (C;cosd4x+C,sin4x).
This can also be written as y = C3¢>* sin(4x+C,) or y = Cse>* cos(4x +Cy) .

(€) y=e>(C cos4x+C,sin4x)
y'= e ((4C, +3C)) cosdx + (—4C, +3C,)sin 4x)

From the given conditions,
2 = Cl
This has the solution C; =2 and C, =0. Therefore y =2¢** cos4x.
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1970 BC6

k
Let aq; = (-1)**! j 0”/ sin kx dx .

(a) Evaluate g .

o0
(b) Show that the infinite series Zak converges.
k=1

(c) Show that 1< Zak < % .
k=1
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1970 BC6
Solution

'k

~Li—cosm =2, 50 a, = (-1 2

(a) jn/ksinkxdx =L oskx
0 OO Tk k k

(b) The series z a, = Z (—l)kJ’1 (%J converges by the Alternating Series Test since
k=1 k=1
(1) the terms alternate

(i1) the terms are decreasing in absolute value, i.e. |ak +1| < |ak| for all £ >1
(iii) lima; =0
k—
Alternatively, the series converges because

(1) lima, =0
k—o0

(i1) The partial sums S,, are bounded above

(ii1) The partial sums S,,., are bounded below

(c) Method 1

Zak:z 1_l+l_l+...+(_1)k+l[lj+...
e 2 3 4 k
=2 (l_lj+(l_lj+ =2[l+i+]22(lj:l
2 3 4 2 12 2
- 1 1 1 k(1
=2 1l——+———+---+(-1 — |+
2 R U J

A

:2(1_1_L_L_L_...j<2.@<§

6 20 42 72 2520 2
Method 2
D a; =2In2~2(0.69...)~1.38 (recognizing the alternating harmonic series)
k=1
Method 3

8
Z a, = 2(0.634) . The error stopping at the 8" term satisfies |err0r| < 2(%) .
k=1

132(0.63410.111)<%
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1970 BC7

The function f'is defined for all x # 0 in the interval —1<x <1 by f(x)= Llrﬂx
sin x
(a) How should f(0) be defined in order that f be continuous for all x in the interval
—-l<x<1?

(b) With f(0) defined as in part (a), use the definition of the derivative to determine
whether f'(0) exists. Show your work.
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1970 BC 7
Solution

(a)

(b)

x—sin2x X

f(x)= —2cosx,so lim f(x)=1-2=-1

sin x sin x x—0

5
= —>1 asx—0.
X 2 Xt
x_7+.. 1_7 e ese
6 120

Or lim f(x) = lim 1—25952% _
x—0 x—0 COS X

-1

Therefore defining f(0) =—1 will make f continuous for all x in the interval
-1<x<I.

, . f(0O+h)—1(0)
0) =1
f(0) lim P
h—sin2h
i_{_

sin k

h—0 h

1

m h—sin2h+sinh
h—0 hsinh

. 1-2cos2h+cosh 0
=lim - =—
h—0 hcosh+sinh 0

. 4sin2h-sinh 0
= lim - =—=0
h—0—hsinh+2cosh 2

Therefore f'(0) exists and has the value 0.
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1971 AB1

Let f(x)=Inx forall x>0, and let g(x)= x? —4 for all real x.
Let H be the composition of f with g, thatis H(x)= f(g(x)).
Let K be the composition of g with £, thatis K(x)=g(f(x)).

(a)
(b)
(c)
(d)
(e)

Find the domain of H.
Find the range of H.
Find the domain of K.
Find the range of K.

Find H'(7).
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1971 AB1
Solution

H(x)= f(g(x))=In(x* - 4)

(a) The domain of H is the set of x for which x?>—4>0, thatis, x>2 or x<—-2. There
are other equivalent ways to write this set.

(b) The range of H is the set of all real numbers.

K(x)=g(f(x))=(Inx)* ~4
(c) The domain of K is the same as the domain of the natural logarithm, that is, x> 0.

(d) The range of K is the set of all real numbers > —4.

i 4 ! —1 2
() HX)=/ (gl (W)="=2x=— f4
o 14
H (7)——45
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1971 AB2

Let R be the region in the first quadrant that lies below both of the curves y = 3x? and

y= 3 and to the left of the line x =k where &k >1.
X

(a) Find the area of R as a function of k.
(b) When the area of R is 7, what is the value of £?

(c) [Ifthe area of R is increasing at the constant rate of 5 square units per second, at
what rate is & increasing when k=157
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1971 AB2
Solution

(1,3)

(a) Let A(k) be the area of R to the left of the line x = £.

1 2 k3 31 k
Ak =[ 3xPdv+ | Zdr=x ‘ +3Inxf =1+3Ink
0 1 X 0
b) 7=A(k)=1+3Ink

Ink=2

k=e?

© dA_di dk_3dk
dt dk dt k dt
s 3dk

k dt
dk sk
dt 3

When k=15, %:25
dt
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1971 AB3
Consider f(x)= cos® x+2cosx over one complete period beginning with x=0.
(a) Find all values of x in this period at which f(x)=0.

(b) Find all values of x in this period at which the function has a minimum. Justify
your answer.

(¢) Over what intervals in this period is the curve concave up?
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1971 AB3
Solution

f(x)= cos? x+2cosx in [0,2m)

(a) f(x)=cosx(cosx+2)=0 when cosx=0. So x=g or x=37n.
(b) f'(x)=-2cosxsinx—2sinx =-2sinx(1+cosx)
f'(x)=0 when x=0, © (and 27).
Possible justifications for the location of the minimum:
First derivative test: Second derivative test:
f'(x)<0 for 0 < x<m so the graph is F"(x)=—2cos? x+2sin® x—2cos x
decreasing on this interval. — 2(1-2cos x)(1+cos x)

f'(x)>0 for 1< x <27 so the graph is

n :
. . . n) =0 so provides no
increasing on this interval. /1 (m P

conclusion. But /"(x) >0 for x just

Therefore there is a minimum at x=m. | less than 7 and just greater than ,
thus the graph is concave up in an

interval containing x=7,s0 x=T7
gives a local minimum. Since it is
the only interior critical point, it
must be the location of the absolute

minimum.
Test the critical points: Non-calculus reasoning:
S(©0)=3 f(x)=(cosx+1)> —1
S(m=-1 Because of the square, the
f(@2m)=3 minimum will occur when
Therefore there is a minimum at x =7 cosx+1=0,ie. when x=1.

() f"(x)=2(1-2cosx)(1+cosx)
£"(x)=0 at x=§ and x=5?“.

f"(x)>0 for §< x < S?R . Therefore the graph is concave up for §< x < S?R :
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1971 AB4/BC1

Find the area of the largest rectangle (with sides parallel to the coordinate axes) that can
be inscribed in the region enclosed by the graphs of f(x)=18- x* and g(x)= 2x2-9.

y
A
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1971 AB4/BC1
Solution

Let A(x) be the area of the rectangle with side located at the coordinate x on the x-axis
for x>0. Then

A=2x((18=x*)—(2x> =9)) = 2x(27 -3x%) = 6(9x —x>) for 0< x<3.
A'=6(9-3x2)=0 at x=/3

A" =6(—6x) <0 at x =+/3. Therefore there is a local maximum at x =+/3 . But since this
is the only critical value for x >0, it must be an absolute maximum.

Alternatively, the absolute maximum must occur at x = V3 or at one of the endpoints.
But A =0 at x = 0, 3. Therefore the absolute maximum is at x = \/g .

The maximum area is 6(9\/3 - 3\/3) =364/3.
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1971 ABS

Let R be the region in the first quadrant bounded by the x-axis and the curve

y=2x- X2,
(a) Find the volume produced when R is revolved about the x-axis.

(b) Find the volume produced when R is revolved about the y-axis.
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1971 ABS
Solution

2 2
(a) Volume = nIO (2x —xz)2 dx = njo (4x2 —4x3 + x4)dx

2
:n(if —x* +lx5j
3 5

16
=—n
15

0

(b) Shells:
_ o [? 5 [2 2 A (22 3
Volume = 275!0 xydx = 27t_[0 x(2x—x")dx= 2nI0 (2x"—x7)dx

2
:2n[2x3—lx4j =2 (E—EJ—O :8—n
3 4 0 3 4 3
Disks:

Volume :njol((lh/l—y)2 —(=JT=9))ay
:nj;((l+2«/1—y =)= (1=2J1=y + 1= p))dy
:nJ‘(:4Jl—y dy

; 1

0

81 81
=——0-1)=—
3( ) 3
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1971 AB6

A particle starts at the point (5,0) at =0 and moves along the x-axis in such a way that

. . . .. t
at time ¢ > 0 its velocity v(¢) is given by v(¢) = .

(a) Determine the maximum velocity attained by the particle. Justify your answer.
(b) Determine the position of the particle at 1 =6.
(¢) Find the limiting value of the velocity as ¢ increases without bound.

(d) Does the particle ever pass the point (500,0) ? Explain.
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1971 AB6
Solution

, 1-¢?
(a) v(t)=T=0 atr=1.
1+17)
V'(t)>0 for 0<t<1 and v'(¢) >0 for ¢ >1. Therefore the velocity is a maximum
at = 1 and the maximum velocity is v(1) = %

212 -3)

Alternatively, v"(¢) = W and so V(1) = —% < 0. Therefore v has a local
1+¢

maximum at ¢ = 1, but since this is the only critical point for ¢ > 0, it must also be

. . o 1
an absolute maximum. Therefore the maximum velocity is v(1) = 5

(One could also justify that since v(¢) = Ll and t+% has a minimum value of 2,

t+-
t

then v(¢) has a maximum value of % )

(b)  s(t)= j v(t)dt =%ln(1 +5)+C
5 = 5(0) :%ln(l)+C =C

Hence s(t):5+%ln(l+tz) and so S(6)=5+%ln(37)=5+h’1\/§.

1
(¢) limv(7) = lim =lim—Lt—=0
t—0 t—o ] 4 tz t—oo 1 1
-+
t
or
lim v(¢) = lim 5= lim 1 =0 using L’Hopital’s rule.
1—>00 t—>0 [ +¢=  too 2t

(d) Yes, the particle does pass the point (500, 0) since the natural logarithm is an
unbounded function.

500S5+%1n(l+t2) for t >’ -1
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1971 AB7/BC3
Let f be the function defined by f(x)=|x |1/ 267 for all real numbers x.

(a) Describe the symmetry of the graph of f.

(b) Over what intervals of the domain is this function increasing?

(c) Sketch the graph of f on the axes provided showing clearly:
(i) behavior near the origin,

(1)) maximum and minimum points,
(ii1))  behavior for large |x |
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1971 AB7/BC3
Solution

(a) The graph is symmetric with respect to the y-axis since
12 _(=x)? 12 _y?
fE0 == P e = e = )
(b) For x> 0

f(x)—— 2e V2 0xe” x2:2 V2 (1= 4x)—— 12677 (1 Z2x)(142)

Therefore the function is increasing on the intervals (—oo,—%] and (O,%).

(c) (i) there is a vertical tangent at (0, 0)

1 1
11) the maximum points are at x = +—, where y=——~0.55.
( ) p 2 y \/561/4

The minimum point is (0, 0).

(i) lim f(x)=0

X—>0
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1971 BC2

Let R be the region of the first quadrant bounded by the x-axis and the curve
y:kx—xz, where k> 0.

(a) Interms of £, find the volume produced when R is revolved about the x-axis.
(b) Interms of £, find the volume produced when R is revolved about the y-axis.

(c) Find the value of £ for which the volumes found in parts (a) and (b) are equal.
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1971 BC2
Solution

>
>

M| & 4

k k
(a) Volume =n j , G —x*)dx=n j . (k2x* = 2k + x*)dx

k
P k¥ k>
=TT -t — [
3 2 5 30
0
k 2 k 2 3 1063 x4 ‘ nk4
(b) VOlumezznjox(kx—x )dxzznjo(kx -x)de=2m| == | =
or
k2
vy 2 2
k+k2—4 k—+Kk* -4
Volume =7 EENE TRV -7 AONE 7Y dy
2 2
0
k2 K

:nj“(k«/kz —4y)dy:1t_—6k(k2 _4y)Y?

0 6

(©) _ZT when k=5
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1971 BC4

(a) Write the first three nonzero terms in the Taylor series expansion of cosx about

T
X=—.

2

(b) What is the interval of convergence of the Taylor series mentioned in part (a)?
Show your method.

(c) Use the first two nonzero terms of the series in part (a) to approximate
T
cos| —+0.1].
2

(d) Estimate the accuracy of the approximation found in part (¢). Show your method.
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1971 BC4

Solution

(@ f(x)=cosx f(n/2)=0
f'(x)=-sinx f(n/2)=-1
f"(x)=—cosx f"(n/2)=0
f"(x)=sinx f"(m/2)=1
F®(x)=cosx fPm/2)=0

O (x)=—sinx FOm2)=-1

f(x):cosx:—(x—E +

- 2n+l - 2
(x_zJ _@n-nt | (x_z)

b) R=|- =
®) (2n+1)! oV 2r+1)(2n)
)
lim R =0<1 for all x and so the series converges for all x.
n—» 0
or

For all x, the series is strictly alternating with lim », — 0 and |un +1| < |un| for all n
n—®0

sufficiently large. The series therefore converges for all x by the Alternating Series
Test.

L0001 0599 oo

3
() cos(%+0.1}z(0.l)+%=—0.l

(d) Since this is an alternating series with the terms decreasing to 0 in absolute value

5 —_—
starting with the first term, the error satisfies |err0r| < % =83x107%,

or

4 —_—
Could use remainder form to get |error| < (0;‘1') =4.16x107°
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1971 BCS

Q0
Determine whether or not I 0 xe “dx converges. If it converges, give its value. Show

your reasoning.
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1971 BC5
Solution

Let I = J‘xe_’C dx . Use integration by parts with

u=x dv=e "dx

du=dx v=—e"

I=—xe ™+ Ie_x dx=e"(-x-1)

o _ . b _
'[ xe “dx=1lim | xe “dx
0 b— 0

= lim (-xe " —e™™)
b—>w

= lim (-be " —e? +1)
b—o0

= lim (—%—Lb+1]
bowo\ " e

=1

b
0

Therefore the integral converges and has the value 1.

Note: I(:Oxe_x dx=T(2) =1 where I'(x) is the Gamma function. Knowledge of the

gamma function could also be used to show that this improper integral converges and has
the value 1.
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1971 BC6

Find a function f that has a continuous derivative on (0, o) and that has both of the
following properties:

(1) The graph of f goes through the point (1,1).
(1) The length L of the curve from (1,1) to any point (x, f(x)) is given by
L=Inx+ f(x)-1.

Note:
b

Recall that the arc length from (a, f(a)) to (b, f(b)) is given by I JI+(f ’(t))zdt .
a
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1971 BC6
Solution

L=lnx+ f(x)-1= jl’“,/u(f'(z))2 dt
Differentiate both sides

@=L (W)

Square and solve for f'(x)

W2 2O (pR <1+ (f )

x°
1
S'(x)= (x ——j
X
Antidifferentiate

2
f(x):%(%—lnx}rC

f(l)_—(——Oj C:%C

c=>
4

2
X 1 3
Therefore f(x)=——-—Inx+—
S ) 4 2 4
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1971 BC7

Definition: A function f, defined for all positive numbers, is “tractible” if and only if for
every € > 0, there exists an integer M >0 such that x > M implies that | f(x)—x | <e.

(a) If h(x)=x-3 for all positive real numbers x, prove that /4 is not tractible.
(b) If g(x)=x +i2 for all positive real numbers x, prove that g is tractible.
X

(c) Discuss the graphical significance of tractibility.
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1971 BC7
Solution

(a) |h(x)—x|=| (x+3)—x|=3. It is not possible to make 3 < ¢ for every € >0.

Therefore h(x)=x—3 is not tractible.

L e for x> |1 Choose M =| [L +1 (where | x |
X2 g g

. . . . 1
is the greatest integer function), or choose M to be any integer greater than \/: .

1
X+——x

® |g0-x|=|x+—

€
This choice of M for every € >0 will satisty the condition for g(x) to be tractible.

(c) As x increases without bound, the vertical difference between a tractible function
and the line y = x will approach zero. This means that the graph of a tractible

function approaches the line y = x asymptotically.
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1972 AB1

Let f(x)=4x"-3x—1.

(a) Find the x-intercepts of the graph of f.

(b) Write an equation for the tangent line to the graph of fat x=2.

(c) Write an equation of the graph that is the reflection across the y-axis of the graph

of f.
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1972 AB1
Solution

(a) Mustsolve f(x)= 4x3 —3x-1=0. The polynomial can be factored by using long

division or synthetic division. Possible rational zeros are 1, ii, i% . Since
f(1)=4-3-1=0, divide the polynomial by x—1.
4x% +4x+1 1 4 0 -3 -1
x—-1)4x>  —3x-1 4 4
453 — 4x° 4 4 !
+4x% —3x
+4x% —4x
x—1

Therefore f(x)=(x— l)(4x2 +4x+1)=(x-1)(2x+ 1)2 and the x-intercepts are

x=1 and x=—l.
2

(b) [f'(x)=12x*-3
f'(2)=48-3=45

£(2)=25
The equation of the tangent line is y—25=45(x—2) or y =45x—-065.

(c) The reflection across the y-axis is given by f(—x). So the equation is

y = f(—x) = 4(=x)’ =3(-x)—1=—4x’ +3x -1
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1972 AB2/BC1

A particle starts at time # =0 and moves on a number line so that its position at time ¢ is
given by x(¢)=(1-2)>(t—6).

(a) When is the particle moving to the right?
(b) When is the particle at rest?
(c) When does the particle change direction?

(d) What is the farthest to the left of the origin that the particle moves?
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1972 AB2/BC1
Solution

x()=(t-2)*(t-6)
v() = x'(6) = (=2 +3(t=2)*(1 - 6) = (1= 2)*((t = 2) + 3(t — 6))
=(t=2)*(4t-20)=4(t—2)*(1 - 5)

a(t)=x"(t) = 12(t - 2)(t — 4)

(a) The particle is moving to the right when v(¢) = 4(¢ — 2)2 (t—5) > 0. This happens for
t>5.

(b) The particle is at rest when v(¢) = 4(¢ — 2)2(t —5)=0. This happens at =2 and
t=5.

(c) The particle changes direction when the velocity changes sign. The velocity is
negative just to the left and just to the right of # = 2. The velocity is negative for
t <5 and positive for ¢ > 5. Therefore the particle only changes direction at 1 =5.

(d) The minimum value of x is at # = 5 since the particle moves to the left for # <5 and
moves back to the right for > 5.

x(5)=33(-1)=-27

Therefore the farthest to the left of the origin that the particle moves is x =-27.
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1972 AB3/BC2
Let f(x)=ksin(kx) where k is a positive constant.
(a) Find the area of the region bounded by one arch of the graph of f and the x-axis.

(b) Find the area of the triangle formed by the x-axis and the tangents to one arch of f
at the points where the graph of f crosses the x-axis.
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1972 AB3/BC2
Solution

(/(2K), kmt/2)

(a) Area = Ifksin(kx) dx = —cos(kx)r(t)/k =—co

(b)  f(x) =k cos(kx)

Y

/k

st—(—cos0)=1+1=2

f'(0)= k? and so the equation of the left tangent line is y = kx .

T

k

4

The tangent lines intersect when

Ix =—k* (x —Ej
k

2k*x=kn

n
X=—

2k
At this x value, y = - =@.

2k 2

I(m

a6

The area of the triangle is therefore —| —

|

j =—k? and so the equation of the right tangent line is y = —k? (

xX——

k

ch‘

7t2

1

kn
2

)
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1972 AB4/BC3

A man has 340 yard of fencing for enclosing two separate fields, one of which is to be a
rectangle twice as long as it is wide and the other a square. The square field must contain
at least 100 square yards and the rectangular one must contain at least 800 square yards.

(a) If x is the width of the rectangular field, what are the maximum and minimum
possible values of x?

(b) What is the greatest number of square yards that can be enclosed in the two fields?
Justify your answer.
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1972 AB4/ BC3
Solution

(a) Lety be the width of the square field. Then
6x+4y=340. X

Since y2 >100, then y >10. 2x
Since 2x> > 800, then x> 20.

4y:340—6x:>y:85—%x
3 3
y210:>85—§x210:>—5x2—75:>xﬁ50
Therefore the maximum value of x is 50; the minimum value of x is 20.
(b) Let 4 be the total area. Then
2
A:2xz+y2 :2x2+(85—%xj
A =4x+2 85—§x 3 =4x—255+2x:1—7x—255
2 2 2 2
A"=0 only when x=%-255=30.

17 . : . .
But 4" =—>0 and so x = 30 gives a relative minimum for 4. Hence the maximum

area must occur at x = 20 or at x = 50.

Atx =20, 4=2(20) +(55)> =3825
Atx =50, 4=2(50)+(10)*> =5100

Therefore, 5100 is the greatest number of square yards that can be enclosed.
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1972 ABS

Let y=2e°".

2
(a) Calculate Y and Q
dx dx?
(b) If x and y both vary with time in such a way that y increases at a steady rate of 5

. . . T
units per second, at what rate is x changing when x = 5 ?
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1972 ABS
Solution

(a) y — 2eCOSX

v_ 2% (—sin x) = —2(sin x)e®***
dx
2
% = —2(sin x)e®®* (= sin x) — 2(cos x)e*%* = 2¢°°5¥ (sin? x — cos x)
x
(b) b _d dx_ —2(sin x)e“** X
dt dx dt dt
dy

Substituting P 5 andx = g gives

5=-2 [sin Ej o5/ By 0dx __pdv
2 dt dt dt

Therefore ﬂ = —é when x = E.
dt 2 2
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1972 AB6

In the figure, the shaded region R is bounded by the graphs of xy =1, x=1, x=2, and
y=0.

(a) Find the volume of the solid generated by revolving the region R about the x-axis.

(b) Find the volume of the solid generated by revolving the region R about the line
x=3.
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1972 AB6
Solution

2
2
(a) Volume = nL y2 dx = nJ (lj dx =—n—
, \x X

2 2 2
(b) Volume:ZRL (3—x)ydx:2nj (3—x)ldx=2nj (3—1}&
1 X 1 X

=27n(3Inx—x)|; =2n((3n2~2)~(-1)) =2x(3ln2~1)
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1972 AB7

A function f is defined for all real numbers and has the following three properties:

@»H f=5s,
(i) f@3)=21,and
(ii1) for all real values of a and b, f(a+b)— f(a)=kab+ 2b* where k is a fixed real
number independent of a and b.

(@) Use a=1and b=2 to find the value of k.
(b) Find f'(3).

(¢) Find f'(x) and f(x) for all real x.
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1972 AB7
Solution

(@) Leta=1andb=21in (iil):

[+~ f(1)=k(1)2)+2(2)°
fB3)-f(1)=2k+8

From (1) and (i1),
21-5=2k+8

Hence k£ =4.

(b) Method 1 (using (iii))

— h—0

= lim(12+2h) = 12

Method 2 (using (iii))

fO=fO) _p fe+BG=0)=f() _ . 4(B=0+26-1)’
3—t 3 3t 3 3—t
= lim (47 +2(3-1)) =12

£'3) = lim

t—3

B 2
SOAM) =) g BRE2DT e as2h) = 4x
h h h—0

© 1 =i

f(x):J.4xdx:2x2 +C

5=f(1)=2(1)>+C=2+C,so C=3. Therefore f(x)=2x>+3.
Alternate method:

Let a=1, b=x-1,and k=4 in (iii).

F+(x=D)— f)=4(x-D)+2(x-1)* =2x2 =2

Since f(1)=35, this gives f(x)=2x>+3 and so f'(x)=4x.
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1972 BC4

(a) Does the series z \/7 converge? Justify your answer.

o Ak _k
(b) Determine all values of x for which the series Z 2 x
k=1

converges. Justify your

ansSwer.
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1972 BC4
Solution

(a) The terms of the series satisfy the conditions needed to use the integral test.

o0 b
1 . dx . b -1/2
———dx=lim ———dx=lim 3x+5 dx
Jl V3x+5 b—>ooJ<1 V3x+5 b—)oo'[l ( )
b

~ lim 2(3x+5)"?
b—wo 3

= lim (3(3b+5)1/2 —3(8)1/2j -0
1 b—wo\ 3 3

Since the improper integral diverges, so does the series.

(b) Ratio Test

2k+1xk+1
- k+1 _k+1
fim [kl g |2 K o Koy
k—w| 2Kk kool k+1  2kk | koo k+1
k

The series converges for | 2x | <1 or —% <X <% .

k

ok L

1 e 2 1 . . . .

At x =—, the series is Z— = Z— which diverges since this is the
2 ok o1 k

harmonic series.

k

1

! <’ [_J & (D

At x =——, the series is z = Z which converges since this is the
2 k=1 k ok

alternating harmonic series.

. .1
The interval of convergence is 3 <x< 3
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1972 BCS

(a) Determine the general solution of the differential equation y"—4y"'+4y = .

(b) Assume that xe” is a solution of the differential equation y"+ay'+by =0.
Determine the constants a and b.
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1972 BC5
Solution

(a) First find the solution to associated homogeneous equation y"—4y'+4=0.
m? —4m+4=0
(m=2)>=0
m=72

Therefore the homogeneous solution is y, = Cje** + C,xe** .

Find a particular solution using the method of undetermined coefficients.
yp — szezx

yp' = 2Ax%* +24xe*" =24 (x* +x)

v, =24 (2x+1)+44e” (x* +x) =24 (2x7 +4x+1)

o . 1
Substituting into y"—4y'+4y = e>* gives 24¢** =¢** and so A= 5

1
Therefore y, = 5 X2

. 1
The general solution is y =y, +y, = Cie** + Cyxe™™ +Ex262x

(b) y=xe
Y =e'(x+1)
y'=e*(x+2)

Substitute into y"+ay'+by =0

e’ (x+2)+ae* (x+1)+bxe* =0
Q+a)e +(1+a+b)xe* =0
2+a=0

(since the equality must hold for all x)
l+a+b=0
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1972 BC6

L ifx>0
Inx
Consider the function f defined by f(x)=< 1 ifx=0
ifx<0
In(—x)

(a) For what values of x is f continuous?
(b) Is the graph of f symmetric with respect to

(1) the y-axis?
(i1) the origin?

(c) Find the coordinates of all relative maximum points.

(d) Find the coordinates of all relative minimum points.
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1972 BC6
Solution

»

(@ lim —=02%f(0)=1
x—0" Inx
Therefore f is not continuous at x = 0.
£ 1s continuous at all other values of x
except for x = 1 and x =—1 where the
function is not defined. (-ee)

1(09.1) (e,e)

(b) For x>0,
—(=x) _ x

S = ) " nx

For x<0,

e
=g 5=

(1) The graph is symmetric with respect
to the y-axis since f(—x)= f(x) for all x.
(i1) The graph is not symmetric with respect to the origin since f(—x)#—f(x).

=f(x)

(c) and (d)
f(x) = E”“;ZI for x>0
nx
—In(-
f'(x):ﬁ for x <0
l(1nx)2 —(lnx—l)(zjlnx
Frx)=2 X for x>0.

(Inx)*

f(x)<0 for -1<x<0 and for 0<x<1. Since f(0)=1, the point (0,1)is a
relative maximum.

For x>0, f'(x)=0 when Inx—1=0, that is, at x = e.
f"(e)= 1 > 0. Therefore there is a relative minimum at (e,e) . By symmetry, there
e

is also a relative minimum at (—e,e).
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1972 BC7

Let C be the curve defined from #=0 to =6 by the parametric equations

x= ﬂ, y=t(6—t).Let R be the region bounded by C and the x-axis. Set up but do

2
not evaluate an integral expression in terms of a single variable for

(a) the length of C.
(b) the volume of the solid generated by revolving R about the x-axis.

(c) the surface area of the solid generated by revolving R about the x-axis.
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1972 BC7

Solution
delodr
dt 2 dt

y=—4(x*-5x+4) for ISx<4,s0 Z—y=—4(2x—5)
X

xzé—lw/9—y for 0< y <9 (left half of curve), so dx_

2 2 y4«/

Each of the integrals can be written in terms of dt, dx, or dy.

"V (ayV
(a) Length = J \/( x} +(_yj dt
dt
J /—+(6 26)% dt

=j1 J1+16(2x —5)% dx

9
1
=2 I+ ————dy
Jo 16(9—y)

b 2
Volume =mn dx
(b) 1 j- y
a

_ nj06(z(6—z))2 %dt

4
= nJ.I 16()(2 —5x +4)2 dx

:2n‘[()9y«/9—ydy

b
(c) Surface area = 271.[ vds
a

_ 2nj06z(6—t) /%+ (6-20)% dt

_9 '[4 2 [ 2
=2rn), —4(x" =5x+4)\1+16(2x—5)" dx

9
1
=4n| y [1+—dy
Jro V' 1609-y)
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1973 AB1

Given f(x)=x>—6x>+9x and g(x)=4.

(a) Find the coordinates of the points common to the graphs of f and g.
(b) Find all the zeros of f.

(c) Ifthe domain of f is limited to the closed interval [0,2], what is the range of f?
Show your reasoning.
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1973 AB1
Solution

X —6x* +9x—4=0 1 _5
(x—1)(x* =5x+4)=0 =5 4
(x=D(x-1)(x-4)=0

(a) X —6xt+9x=4
1 1 -6 9 4
4
0

The roots are x =1 and x =4. The coordinates of the common points are therefore
(1,4) and (4,4).

(b) X —6x2+9x=0
x(x*> —6x+9)=0
x(x=3)>=0

The zeros of fare x=0 and x =3.

) flx)= 3x? —12x+9 =3(x—3)(x—1)
On the interval [0,2], the only critical point is at x = 1.
f"(x)=6x—-12 so f"(1)=-6<0. Therefore there is a relative maximum at x = 1.
Alternatively, the graph of f is increasing on the interval (0,1) and decreasing on
the interval (1,2) since f'(x)>0 on (0,1) and f'(x) <0 on (1,2). Hence there is an
absolute maximum at x =1 on the interval [0, 2].

f(0)=0
f)y=4
f(2)=2

Since there are no other critical points in the restricted domain, the range is the
closed interval [0,4].
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1973 AB2

A particle moves on the x-axis so that its acceleration at any time ¢ >0 is given by

azl—i.When t=1,v=i, and s=§.
g8 42 16 48

(a) Find the velocity v in terms of .
(b) Does the numerical value of the velocity ever exceed 50? Explain.

(¢) Find the distance s from the origin at time ¢ =2.
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1973 AB2
Solution

2
Atr=1, izi+1+C and so C:—l. Therefore v:t—+l—l.
16 16 2 16 ¢t 2

(b) Yes, the numerical value does exceed 50. This can be explained by any one of the
following observations:

() lim v(t)=o

t—>+w

(i1) lim v(t) =
t—07
2
(i11))  When ¢ =32, for example, v :ﬁ—i-i—l = 64+L—l > 50
16 32 2 32 2

2 3
© s=[lZ Mg Lic
16 ¢ 2)" a8 2

25 1 1 r |
Atr=1, _:__E+C and so C = 1. Therefore s:4—8+lnt—5t+1.

48 48

Att=2, s=£+ln2—l+1=l+ln2.
48 6
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1973 AB3/BC1

Given the curve x+xy+ 2y2 =60.

(a) Find an expression for the slope of the curve at any point (x, y) on the curve.
(b) Write an equation for the line tangent to the curve at the point (2,1).

(¢) Find the coordinates of all other points on this curve with slope equal to the slope at
(2,1).
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1973 AB3/BC1
Solution

(a) Implicit differentiation gives

x+xy+2y2 =6

dy dy
l+x—+y+4y—=0

dx yeey dx
&__1+y
dx x+4y

. dy 1+1 1 . L
(b) At the point (2,1), T = 512 = ——. Therefore the equation of the tangent line is
X +

1 1 5
—1=——(x-2),0or y=——x+—,0r 3y+x-5=0.
y 3( ),ory 3513 y

© ——2-

Substituting this into the equation for the curve gives

x+x(3—x)+2(3—x)2 =6
x+3x—x> +18—-12x+2x* =6
x?—8x+12=0
(x—6)(x—2)=0

Therefore x = 6 is the only other point on the curve with the desired property. The
coordinates at this point are (6,-3).
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1973 AB4/BC2

(a) What is the set of all values of b for which the graphs of y =2x+5 and y2 =4x
intersect in two distinct points?

(b) Inthe case b=—4, find the area of the region enclosed by y=2x—-4 and y2 =4x.

(¢) Inthe case b=0, find the volume of the solid generated by revolving about the
x-axis the region bounded by y =2x and y2 =4x.
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1973 AB4/BC2
Solution

(a) The intersection occurs when
(2x+b)? =4x
4x% +4bx +b* = 4x

4x2 +4(b-Dx+b> =0

—4(b-1)£\16(b—1)2 ~16b>
8
two distinct roots when 16(b — 1)2 —16b% >0, this is, when —32b+16 > 0. Hence

. There will be

The solutions to this equation are x =

.. 1
there are two distinct roots when b < 5

(b) With b=-4, the intersection occurs when

y=2x—-4 (4:4)

y2:4x

4x* ~16x+16 = 4x
x?—5x+4=0
(x-1)(x—-4)=0

Y
=

(1’_2)

Therefore the intersection points are (1,—2) and (4,4).

s 42 2 3| 64 8
Area= | | 2222 \gp=2 0y 2 S[a48-2 | [1-4+> |29
L2 4 4 12|, 12 12

(c) When b =0, intersection points are at (0,0) and (1,2).

1
1
Volume = Tt_[o (4x — 4x2)dx = n(2x2 —ix3j
3 o (1,2)
=n(2—ij=2—n
3 3
Or
2 2
y y
Volume =27 ———|d
0
2 > X
3 4
o s (ﬁ_ﬁjj_ﬂ
6 16 o 6 16 3
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1973 ABS/BC3

(a) Find the coordinates of the absolute maximum point for the curve y = xe ™ where
k is a fixed positive number. Justify your answer.

(b) Write an equation for the set of absolute maximum points for the curves y = xe <
as k varies through positive values.
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1973 AB5/BC3
Solution

(@) ¥ =—kxe ™ +e ™ = (1-kr)
Since e © 20, y'=0 when x:%.

y'= kixe ™™ ke ke = o7 (k*x—2k)

At x = %, y'= e Yk-2k)=e"'(~k) <0 since ks positive. Therefore x :% gives

. . : 1. .. . 1 :
a relative maximum. Since x = 7 is the only critical point, x = 7 also gives the

absolute maximum.

Therefore the coordinates of the absolute maximum point are (%’ki] .
e

(b) By part (a), x:% and y:kL. Therefore y:i for x>0.
e e
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1973 AB6

A manufacturer finds it costs him x? +5x+7 dollars to produce x tons of an item. At
production levels above 3 tons, he must hire additional workers, and his costs increase by
3(x—3) dollars on his total production. If the price he receives is $13 per ton regardless
of how much he manufactures and if he has a plant capacity of 10 tons, what level of
output maximizes profits?
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1973 AB6
Solution

For 0<x<3, P(x)=13x—(x*> +5x+7)=—x*> +8x—7
For 3<x<10, P(x)=13x—(x2+5x+7+3(x—3)):—x2+5x+2

. —x*>+8x-7, 0<x<3
Profit function: P(x)=

—x2+5x+2, 3<x<10

—2x+8, 0<x<3

P'(x)= {
-2x+5, 3<x<10

P'(x) #0 for any x in the interval 0 < x <10.

However P'(x)>0 for 0 <x<3 and so P(x) is increasing on this interval.

Also P'(x)<0 for 3<x<10 and so P(x) is decreasing on this interval.

Therefore P has an absolute maximum at x = 3.

This can also be verified by checking the value at x = 3 against the values at the
endpoints.

P(0)=-7
P(10) = —48
P(3)=8
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1973 AB7

(a) Find the area A, as a function of £, of the region in the first quadrant enclosed by
the y-axis and the graphs of y =tanx andy =k for k> 0.

(b) What is the value of 4 when k=1?

(c) Iftheline y =k is moving upward at the rate of % units per second, at what rate is

A changing when k=17
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1973 AB7

Solution y
: y=tanx

-1 k -1 i

(@ 4 =] % (k= tan x) dx = e+ In(cos )| / !
0 0 —y =k

=ktan 'k + ln(cos(tan_1 k)) E

)

=ktan ' k+In ! i

V1+k? :

)

)

or, using integration by parts, i

)

1 2 ¢ E

k

A :I tan_lydy: ytan_ly—— Y dy E

0 2 1+ y2 1

0 1
— X

k /2

= (ytan_1 y—%ln(lerz)J

0

:ktan_lk—%ln(l+k2)

(b) Whenk=1,4 =(1)tan"! (l)—%ln(1+1) =%—%ln2.

(¢) By the chain rule, 4= 9 e are given that K= L
di — dk di 210
d—Azk[ 12j+tan_1k—l( lzj(zk)
dk 1+k 2\1+k
Soatk=1,d—A:l+E_l(lj(2):E
dk 2 4 202 4
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1973 BC4
A kite flies according to the parametric equations

v=ty=—24-128)

8 64
where ¢ is measured in seconds and 0 <¢<90.
(a) How high is the kite above the ground at time ¢ =32 seconds?
(b) At what rate is the kite rising at ¢ =32 seconds?

(c) At what rate is the string being reeled out at # =32 seconds?

(d) At what time does the kite start to lose altitude?
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1973 BC4
Solution

() y= —%t(t—128)

_ __3 _128) = -3 )(Z96) =
Att=32, y= 64(32)(32 128) ( 2)( 96)=144.
dy _(_3 0. (3 ),_

(b) dt—( 64t]+( 64]@ 128)
-2 2 (220 -(-2)s(2)
dt 2 64 2) (2

(c) Lets be the length of the string. A

s=qlx%+ 7

y
ds 1 2 2 _1/2( dx dyj
—==(x"+ 2x—+2y—
a2 a7 e x _
Att=32,x=4and y = 144.
Atz‘=32,@=l andﬂ=3.
dt 8 dt
Therefore at t = 32,
1 1

— 4432 —+432
2 _2 _
J16+(16-9)* 41297

(d) The kite will start to lose altitude at the instant when 0 = % = —6—64t + 6. This occurs

a_1__ 1
dt 247 4144

(2(4)%+ 2(144)(3)j =

at t = 64 seconds.
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1973 BCS

The distance x of a particle from a fixed point x =0 is given by the differential equation

2
47X 94X 15— 0 forall time £ 0.

dr*
(a) Find the general solution of this differential equation.

(b) Find the solution of this differential equation satisfying the conditions x =1 and

ﬁ:2 when t=0.

dt

(c) Does the particle pass through the point x =0 after it begins moving? If so,
determine the value of ¢ at each such time; if not, explain.
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1973 BC5
Solution

(a) The general solution can be found by computing the roots of the auxiliary equation.
2
a7 +8 ax +12x=0
dr* dt
m* +8m+12=0
(m+2)(m+6)=0

m=-2,m=-6
Therefore the general solution is x = Cle_Qt + Cze_Gt .

dx

(b) Whent=0,x=1and —=2.
dt
% =2C,e 2 —6C,e

The initial conditions give the two simultaneous equations:

1:C1 +C2

Hence C; =2 and C, = —1. Therefore x =2¢ > —¢™®.
(c) Canx=0?

O — 2e—2t _e—6t

0=2e* -1
o 1
2
4t:1nl
2
t—llnl
4 2

But %ln% <0 and hence the particle does not pass through the origin for any 7>0.
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1973 BC6

In each of the following cases, decide whether the infinite series converges. Justify your
answers.

0 1 k
(a) Z(H;j

k=1
o sink
(b) —F
k=1 k2 +\/;
= 1
()
= kln’k
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1973 BC6
Solution

k

. . 1 : . . .

(a) Since lim (1 +—j =e # 0, the series must diverge. It is also sufficient to observe
k—o0

that for each term, (1 + %) >1 which would be enough to force the series to

diverge.

sink |< 1 <L
PN SN e

(b)

The series converges absolutely by comparison with a convergent p-series (p = 2),
and therefore the series converges.

(c) The terms of the series satisfy the conditions needed to use the integral test.

b ( 11 j 1
=lim| ——+ =
5, b\ Inb In2 In2

o b |
J —dez limJ —zdxz lim ———
2 x(ln x) b—0 ) x(ln x) b Inx

Since the improper integral converges, so does the series.
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1973 BC7

. . . TE . . . .
Given the definite integral / = Io x f(sinx)dx , where f is a continuous function on the

closed interval [0,1].

(a) Use the substitution x =m—y to show that / = g.[(:c f(sinx)dx .

T .
(b) Evaluatej LR

0 1+ cos> x
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1973 BC7
Solution

(a) Letx=mn—y
I= j:xf(sinx)dx
= [*(m- ) f Gsin(z=y)-1)dy
= [ (x=y)f(sin(x~ ) dy
= [ =)/ (sin y)dy
=xf, f(siny)dy—[ "y f(siny)dy

=n[ " f(sinx)dv—1
o
Therefore 27 = RIJ f(sinx)dx andso [ = g _[ On f(sinx)dx.

(b) Using part (a) with f(x) = % we have

T . T .
J xsm;c dxzﬁj smx2 i

0o l+cos” x 2J)0 1+cos“ x
Method 1

T . T .
J Ln;dx=zj sza’x=—Earctan(cosx)|g=—E(—E—E

o 1+cos”x 2)0 1+cos” x 2 20 4 4
Method 2

T . T .
| IR S et =cosn)

0o l+cos” x 2J)0 1+cos“ x

1
=—£J ! du=—£arctanu|1_1=—E(—E_Ej=n_
2 142 2 204 4
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1974 AB1/BC1
Given f(x)= | sin x |, —-n<x<m, and g(x)= x> for all real x.

(a)  On the axes provided sketch the graph of f.

(b) Let H(x)=g(f(x)). Write an expression for H(x).

(¢) Find the domain and range of H.

(d) Find and equation of the line tangent to the graph of H at the point where x = %
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1974 AB1/BC1

Solution
(@)
y
A
1 4
- —T/2 /2 T
14
. 2 .2
by H(x)= (|sm x|) =sin” x

(c)

(d)

Copyright © 2004 by College Entrance Examination Board. All rights reserved.

The domain of His -t <x<m

The range of His 0< y <1

H'(x)=2sinxcosx

(54 )

Therefore the equation of the tangent line is

s

—l—l x=Z1, or —x——+l
73 4 )Ty
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1974 AB2

Let P(x)= x*+ax® +bx? +ex+d. The graph of y = P(x) is symmetric with respect to
the y-axis, has a relative maximum at (0,1), and an absolute minimum at (g,-3).

(a) Determine the values of q, b, ¢, and d, and using these values write an expression
for P(x).

(b) Find all possible values of g.
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1974 AB2
Solution

(a) 1=P0)=d

0=P(0)=c

P(—x):P(x):>x4—ax3+bxz+1:x4+ax3+bx2+1::>2ax3 =0=a=0

Alternatively, symmetry with respect to the y-axis means that only even powers of x
will appear in the polynomial, and hence a =c =0.

P(x)= xt+bx? +1
P(q)= q4 +bq2 +1=-3
P'(q)=4q" +2bq =0

Method 1:

2¢% +2bg* +8=0
4g* +2bg*> =0
Hence 16 +4b=0 andso b=-4.

}:2q4—8:O:>q=ix/§

Method 2:
2(](2q2 +b)=0=> 2q2 =—b (note that g cannot equal 0.) Therefore q2 = —%

2 2 2
LA A T S AU © S P S
4 2 4

(since 26]2 =—b shows that h<0)

Therefore P(x) = xt—4x? 41,

®) ¢*=--=2
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1974 AB3
Let f()c):/cx2 +c.

(a) Find x in terms of k such that the tangent lines to the graph of f at (x, f(xy))
and (—x,, f(—xy)) are perpendicular.

(b) Find the slopes of the tangent lines mentioned in (a).

(c) Find the coordinates, in terms of £ and ¢, of the point of intersection of the tangent
lines mentioned in ().
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1974 AB3
Solution

@ f(x)=2k

The tangent lines will be perpendicular if
—1= £(x0) f(=x0) = (2hog )(—2kxg ) = 4k x,”

I
O 42

1
Xg =t—
07 "ok

o sz
{ILIR RPYA S N
)

(c) The equations of the two tangent lines are

y=(key® +¢)=1-(x-xp)
y=(kxy® +¢)==1-(x = (%))

The point of intersection is therefore at x = 0 since the left sides are equal.

1
Atx=0, y=hx,* +c—x, =k(m)+c——=c——.

The point of intersection is (0, c —ﬁj .
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1974 AB4/BC2

Let f be a function defined for all x >—5 and having the following properties.

1
i "(x) = for all x in the domain of £,
@H ars f

(1))  The line tangent to the graph of fat (4,2) has an angle of inclination of 45°.

Find an expression for f(x).
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1974 AB4/BC2
Solution

' ! ! 12 g 2 12
1= iyt a9 G
1:tan45°:f’(4):§(9)1/2 +C1 :2+C1 :>C1 =—1
r 2 12
Therefore f(x)zg(x+5) ~1.
f(x)—ﬂz(xw)l/z—ljdx—fmsf/z—x+c
IAE "9 2

2:f(4):g(9)3/2—4+02 =Cy=-6

Therefore f(x) = g(x +52—x-6.
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1974 ABS/BC4

A ball is thrown from the origin of a coordinate system. The equation of its path is
2m
e

y=mx— x>, where m is positive and represents the slope of the path of the ball at

the origin.

(a) For what value of m will the ball strike the horizontal axis at the greatest distance
from the origin? Justify your answer.

(b) For what value of m will the ball strike at the greatest height on a vertical wall
located 100 feet from the origin?
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1974 AB5/BC4
Solution

(a) The ball will strike the horizontal axis when y = 0.

e2m
- x> =0= x=1000me "
1,000
dx 2m —2m —-2m 1
—=1000e “" —2000me =" =1000e “"(1-2m)=0 when m=—.
dm 2
dx

—>0 for m< 1 and A <0 for m> l Therefore m = 1 gives the maximum
dm 2 dm 2 2

distance from the origin.

2

Alternatively, Z—?; =1000(—2¢ 2" + (1-2m)(=2)e >™) = —4000e 2" (1—m) . At
m
1 d*x a 1. . .
m= 5 F =-2000e " <0. Therefore m = 5 gives a relative maximum. But
m

since this is the only critical point, it is also an absolute maximum.

e2m

1000

(b) When x =100, y=100m— (100)? =100m —10e*™ . We want the value of m

that makes y a maximum.

D _100-206*" = 0
dm

5:e2m
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1974 AB6
Given two functions f and g defined by f(x)=tanx and g(x) = V2 cosx.

(a) Find the coordinates of the point of intersection of the graphs of f and g in the

) T
interval 0 < x < E

(b) Find the area of the region enclosed by the y-axis and the graphs of f and g.
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1974 AB6
Solution

(a) At the intersection

(0.9

tanx:\/zcosx

sinx = 2c052x:x/§(l—sin2 X)
V2sin? x+sinx—/2 =0
(\/Esinx—l)(sinx+\/5) =0

. The solution in

-

The only possibility is sin x =

. So the point of

\

) T . T
the interval O<x<5 1s at x:Z

) . . (m
intersection 1s (Z , lj )

4
(b) Area = j;/ (\/5 cos x —tan x) dx
4
= (\/5 sin x + In cos x)‘ ::/

:1+ln%:1—lnx/§

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1974 AB7

The rate of change in the number of bacteria in a culture is proportional to the number
present. In a certain laboratory experiment, a culture had 10,000 bacteria initially, 20,000

bacteria at time # minutes, and 100,000 bacteria at (¢, +10) minutes.

(a) Interms of ¢ only, find the number of bacteria in the culture at any time ¢ minutes,
t20.

(b) How many bacteria were there after 20 minutes?

(c) How many minutes had elapsed when the 20,000 bacteria were observed?
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1974 AB7
Solution

(a) Let N=number of bacteria present at time . Then

IN _ v

dt

N
lnN:kt“r‘Cl
N:C2ekt

At 1=0, 10000 = C,e" = C, . Therefore N =10000¢" .
At =1, 20000 =10000&*1 = 2 = £~

At £=1£,+10, 100000 = 10000 (1710) = 10 = k4 . 10k = 2,10k

In5 I3,
Therefore k& =W and so N =10000¢e 10 .

ln5(20)

(b) At ¢=20, N=10000e10  =10000&"% = 250000

In3,
(¢) 20000 =10000¢ !0

InS,
2=¢l0

ln2:1n—5t
10

~10In2
In5
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1974 BC3

Let R be the region bounded by the graph of y =Inx, the line x = ¢, and the x-axis.

(a) Find the volume generated by revolving R about the x-axis.

(b) Find the volume generated by revolving R about the y-axis.
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1974 BC3
Solution

(e,1)

(a) Shells:

1
Volume = 2nIO (e—e”)ydy

(1,0)

1
= ZRIO (ey—ye’)dy (integrate by parts)

2
= 2%(%—(}26)} —ey)J

Disks:

1

0

:2n(§—lj:n(e—2)

Volume = nJ‘f (In x)2 dx (integrate by parts twice)

\/
=

= n(x(Inx)? —2xlnx+2x)‘le — n(e—2e+2e—2)=n(e—2)

(b) Disks:

1
Volume = njo (?—e*")dy = 7{

Shells:

2y
2 e
e —_——
0

Volume = 2Tc-|.lexln xdx (integrate by parts)
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1974 BCS

Given the parametric equations x =2(6—sin®) and y =2(1-cos0):

(a) Find L4 in terms of 0.
dx

(b) Find an equation of the line tangent to the graph at 6 = .
(c) Find an equation of the line tangent to the graph at 6 =2m.

(d) Set up but do not evaluate an integral representing the length of the curve over the
interval 0 <0 <2n. Express the integrand as a function of 0.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1974 BC5
Solution

(a) ﬁ:2—2c0s6, Q:2sin9
do do

dy
d_y_@_ 2sin®  sin@
dc dx 2-2cos® 1-cosH

do

(b AtO=m, L —_MT_ _ ) This means the tangent line is horizontal.
dx 1l-cosm

At 0=, y =4, so the equation of the tangent line is y = 4.

(c) At 0=2m, Y = _sin2m which is not defined.
dx 1-cos2n
) sin O . cosO
lim = lim

0—>2n1—cos® 6-2x sin0

This means that there is a vertical tangent. At 6 =2m, x =47, so the equation of the
tangent line is x =4n

(d) Length = j 02“\/(2 —2c0s0)% +(2sin0)%> d6 =2 j 02”\/2— 2c0s0 do
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1974 BC6

Given the differential equation y"+4y'+5y=0.
(a) Find the general solution y(x).
(b) Find the solution that satisfies the conditions y(0)=0 and »'(0)=1.

(c) Evaluate the limit of the solution determined in (b) as x increases without bound.
Justify your answer.
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1974 BC6
Solution

(a) y'+4y'+5y=0

The auxiliary equation is m? +4m+5=0.

L _—4x\16-20

2

=2+

So y=Cie** cosx+Cye > sinx

(b) 0=x(0)=C

y=Cye P sinx

y'=Cy(e > cosx—2e > sinx)

1=y'(0)=C,
So y=e *sinx
(¢) lim e > sinx=0 since lim ¢ >* =0 and sinx is bounded between —1 and 1.

X—>0 X—>0
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1974 BC7

(a) Consider a function f such that f'(x) exists for all real x. Suppose that:

(i) f'(r)=0and f'(s)=0
(i) f'(x)#0 forall x in the interval » <x <s;thatis, » and s are consecutive
roots of f'(x)=0.

Prove that there is at most one root of f(x)=0inr<x<s.

(b) Given a function f such that /"(x)=(4—x*)(4+x>)e™™ . What is the maximum
number of real roots of f(x)=0 in —2 < x <2 ? Justify your answer.
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1974 BC7
Solution

(a) Suppose there are x;, x, with f(x)= f(x,)=0, r <x; <x, <s. Since fis
differentiable on (x;,x,), one may use Rolle’s Theorem or the Mean Value
Theorem to conclude that there exists x* with x; < x*<x, such that f'(x*)=0.
This contradicts the fact that /' = 0 on (r,s). Hence there is at most one root of f
in (7, s).

(b) The function £ is differentiable for all real x. Since f'(-2)= f'(2) =0, we can take
r=-2 and s =2 in part (a). Since —2 and 2 are the only roots of /', they are
consecutive roots. Therefore condition (ii) holds and hence the conclusion of part
(a) applies. Thus, the maximum number of real roots of f(x)=0 in -2<x<2 is
one.
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1975 AB1
Given the function f defined by f(x)= ln(x2 -9).

(a) Describe the symmetry of the graph of f.
(b) Find the domain of f.

(c) Find all values of x such that f(x)=0.

(d) Write a formula for f _1(x) , the inverse function of f, for x>3.
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1975 AB1
Solution

(@ f(-x)=In((-x)> -9)=In(x* -9) = f(x)

Therefore the graph of f is symmetric with respect to the y-axis.
(b) Since we need x*> —=9>0, the domain of f istheset {x|x < -3 orx>3}
(¢)  f(x)=0 when x> —9=1. This happens for x = +10 .
(d) Method 1:

F(x)=In(x>-9) = x> —9=¢/® =¢”

Sincex >3, x=+e’ +9.
Hence /'(x)=ve" +9.

Method 2:

y= ln(x2 —-9), so interchanging variables gives x = In( y2 -9).
X 2
e =y"-9

y=+e +9

Hence /'(x)=ve" +9.
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1975 AB2

A particle moves along the x-axis in such a way that its position at time ¢ for >0 is

given by x :%13 —3t2 +8t.

(a)
(b)
(©)
(d)

Show that at time ¢ =0, the particle is moving to the right.
Find all values of ¢ for which the particle is moving to the left.
What is the position of the particle at time ¢ =3?

When ¢ =3, what is the total distance the particle has traveled?
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1975 AB2

Solution
(a) v=@=t2 —61+8
dt

v(0) =8> 0 and so the particle is moving to the right at 7 = 0.

(b) The particle is moving to the left when v(z) = > —6t+8= (t-4)(t-2)<0.
Therefore the particle moves to the left for 2<¢<4.

(c) Attimer=3, x= %(3)3 -3(3)> +8(3) =6.

(d) The particle changes direction at ¢ = 2.

x(0)=0
x(2) = l(2)3 -3(2)*+8(2) = 20
3 3
x(3)=6
Distance = (x(2) — x(0)) + (x(2) — x(3)) = 2_30 +§ = %
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1975 AB3

Given the function f defined for all real numbers x by f(x)= 2| x—1 |x2 .

(a) What is the range of the function?
(b) For what values of x is the function continuous?

(c) For what values of x is the derivative of f(x) continuous?

(d) Determine the value of 7 = I ; f(x)dx.
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1975 AB3

Solution
(a) Therange of f is the set {y = 0} .
(b) The function is continuous for all real numbers.
(¢) For x>1, f(x)=2(x—1)x? and hence f'(x)=6x>—4x.
For x<1, f(x)=2(1-x)x? and hence f'(x)=—6x>+4x.
So lim f'(x)=2 but lim f'(x)=-2. Therefore /' is not continuous atx = 1.
x>l x>l
The derivative is continuous at all other values of x, however.
(d) For 0<x<1, f(x)=2(1-x)x?. Therefore

3 4
I;f(x)dx =j012(1—x)x2 dx:jol(zxz _2x3)dx:[%_%]
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1975 AB4/BC1

Given the function defined by y = x+sinx for all x such that —g <x<—.

3n
2

(a) Find the coordinates of all maximum and minimum points on the given interval.

Justify your answers.

(b) Find the coordinates of all points of inflection on the given interval. Justify your

answers.

(¢) On the axes provided, sketch the graph of the function.

—T/2

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1975 AB4/BC1
Solution

(a) y'=1+cosx
Therefore x =7 is the only critical point on the interval —g <x< 3775 But y'>0

on this interval, hence 7 is not an extreme point. The minimum and maximum must
occur at the endpoints.

Atx=—£, y=—£+sin Y
2 2 2 2
Atx:3—n, y:3—n+sin 3n =3—n—1
2 2 2 2
The absolute minimum is at (——,—g—lj

The absolute maximum is at (%,%— 1).

(b) y"'=-sinx
y'=0at x=0 and x=m.

y">0 for “Iox<o
y'<0 for O<x<m
y">0 for 71:<)c<377T

Therefore (0,0) and (m, ) are inflection points.

(©)

—T/2 /2 i 3m/2
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1975 ABS

The line x =c where ¢ > 0 intersects the cubic y = 2x> +3x2 =9 at point P and the

parabola y = 4x* +4x+5 at point Q.

(a) Ifaline tangent to the cubic at point P is parallel to the line tangent to the parabola
at point Q, find the value of ¢ where ¢ >0.

(b) Write the equations of the two tangent lines described in (a).

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1975 ABS
Solution

(@) ' =6x2+6x for the cubic

The slope of the tangent line at point P, where x = c, is 6¢2 +6¢.

y'=8x+4 for the parabola
The slope of the tangent line at point O, where x = ¢, is 8c+4.

Since the two lines are parallel,
6¢* +6¢=8c+4

6¢> —2¢—4=0
2(Bc+2)(c-1)=0

Since ¢ > 0, the solutionis ¢ =1.

(b) tangent to cubic:

The slope is m = 12 and the line contains (1, —4).
Therefore the equationis y+4=12(x—1),or y=12x-16.

tangent to parabola:

The slope is m = 12 and the line contains (1, 13).
Therefore the equationis y—13=12(x—1), or y=12x+1.
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1975 AB6/BC2

2 2

Let R be the region in the first quadrant bounded by the graphs of %+% =1 and

3x+y=9.

(a) Setup but do not evaluate an integral representing the area of R. Express the
integrand as a function of a single variable.

(b) Set up but do not evaluate an integral representing the volume of the solid generated
when R is rotated about the x-axis. Express the integrand as a function of a single
variable.

(c) Setup but do not evaluate an integral representing the volume of the solid generated
when R is rotated about the y-axis. Express the integrand as a function of a single
variable.
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1975 AB6/BC2

Solution y
A
The graphs can be written as 9
y=4/81-9x% and y=9-3x
or
2
x= 9_)/_ and x=3—Z.
3
3
3
(a) Area = jo (V81=9x> —(9 - 3x))dx
or
? 2
Area = 9—y——(3—1jdy
9 3
0
(b) Disks:
3
Volume = jo (V81=9x)? —(9 - 3x)?) dx
or
Shells:
9
/ 2
Volume = 2| y 9-2L —(3—1j dy
9 3
0
(¢) Disks:
9
7Y 2
Volume = &t 9L —(3—1j dy
9 3
0
or
Shells:

Volume = 2 j03x(\/81 —9x2 —(9—3x))dx
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1975 AB7/BCS

Given a function f with the following properties:

1) fx+h)= e’ f(x)+e* f(h) for all real numbers x and &
(i)  f(x) has a derivative for all real numbers x

(i) f'(0)=2

(a) Show that f(0)=0.

(b) Using the definition of the f'(0), find lim &

x>0 X

(¢) Prove there exists a real number p such that f'(x) = f(x)+ pe* for all real numbers x.

(d) What is the value of the number p described in (c)?
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1975 AB7/BC5
Solution

(@) Letx=0and/=0in(i). Then f(0)=¢"f(0)+¢’7(0)=27(0). Therefore
7(0)=0.

© 2 (0 tim JOEDSO LT+ O[O0 S0
x—0 X

x—0 X x=>0 X

© fx) = f(X+h) JAC))

I (ORI ALORFAC)

h—0 h

" -Df @), e )

= lim
h—0 h =0 h
e - f(h)
_f(x)(hm 7 J @ﬁ% h J
Sf(h )

= f(x)+ pe*, where p = lim*——=
h—0 h

(d) p =2 from part (b).

This can also be deduced from part (a) and property (iii) even if part (b) or part (c)
could not be done. Substituting x = 0 into the relationship described in part (c) gives

2=f'(0)= £(0)+ pe’ =0+ p=p
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1975 BC3

A particle moves on the circle X2+ y2 =1 so that at time # > 0 the position is given by

1-12 2
the vector — |
1+t 1+¢

(a) Find the velocity vector.
(b) Is the particle ever at rest? Justify your answer.

(¢) Give the coordinates of the point that the particle approaches as ¢ increases without
bound.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1975 BC3
Solution

(2)

(b)

(©)

dx _(1+2)(20-(1-2)Q2) _ 4
dt (1+1%)? (1+1%)?

dy _ (1+1%)(2)-21(2t) _ 2-2¢*
dt (1+1%) (1+1%)

. "2
The velocity vector is{ 4 22 J

A+12)% (1+£%)?

@:O att=0 and on at ¢ =1. Therefore there is no ¢ such that %:%

dt dt
the same time. Hence the particle is never at rest.

1
. . 1—t2 . t2
lim x(¢) = lim = lim =-1
t—0 = |+ tz t—o 1
—+1
)
. . . 2
lim y(¢) = lim =lim —=0
t—o t—o |+ t2 t—0 1+t

t

Hence the particle approaches the point (—1,0) as ¢ increases without bound.
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1975 BC4

323 43 13
(a) Determine whether the series 3 2 + Ei +o Gh

+-- 1s convergent.
3 3 3 3"

Justify your answer.

0 n
(b) Find the interval of convergence for the series Z%
n=l -

. Justify your answer.
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1975 BC4

Solution
(a) Ratio Test:
n?
S :ﬂ) 1(n+1) 1
lim [———3——= lim —(—J ——<l
n—oo 1 n—1 N n—o0 n 3
(-1 3

(b)

Therefore the series converges absolutely, and hence converges.
or

Alternating series test:
(1) the terms alternate

(i) lim |a,|= lim -0
—>003

(n+1) —forn>2s1nce (n+1) <3n® forn>2.
3}’l+1 3}1
Therefore |an+l| < |an| for n> 2.

(iii)

Since all three conditions hold, the series converges.

(x _ 2)}’l+1

n+l _ )
lim (n+1)3 :lim|x 2 n |:|x |
n—»0 (x—2)n n—w| 3 n+1|

n3"
) ) |x — 2|
The series converges if 3 <1, hence for -1<x<5.
n
Atx =5, the series is Z— = Z which diverges (harmonic series).
n=1 n3" n=1"

3 n 0 _1 n
At x =—1, the series is Z 32 = z( ) which converges (alternating
n=l N

harmonic series).

Therefore the interval of convergence is —1<x <5.
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1975 BC6

Given the differential equation y"—(p+1)y'+ py =0, where p is a real number not
equal to 1.

(a) Find the general solution of the differential equation.

(b) Find the particular solution satisfying the conditions y(0)=0 and y'(0)=1.

(c) Find the limit of the solution in (b) as p — 1. Justify your answer.
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1975 BC6
Solution

(a) r2—(p+1)r+p=0

(r=p)r-1=0
r=p, r=1

The general solution is y = Cje” + Cye™ .

(b) y'=pCe™ +Cye’

y0)=0=C+C,
V' (0)=1=pC +C,

G, =-G
1=(p-DG
Cl :L,Cz :—L
p—1 p—1
) .. 1 el —e
The particular solution is y = el — e’ =
p—1 p—1 p—1
d
7(epx _eX)
px _ X px
© lim&—% _fim P = lim 25— = xe*
pol p— pl i( _y o 1
dp

(using L’Hopital’s rule with respect to p as the variable.)
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1975 BC7

(a) For what value of m is the line y =mx tangent to the graph of y=Inx?

(b) Prove that the graph of y =Inx lies entirely below the graph of the line found in (a).

(¢c) Use the results of (b) to show that e* > x° for x > 0.
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1975 BC7
Solution

(a) The line and the graph must intersect, so mx =Inx.

1
The slopes must be the same, so m=—.
X

So 1=Inx which means that x=¢ and m :l.
e

(b) Let A(x)=>—Inx for x>0. Then A'(x)=~——
e

e X

h'(x)=0 forx=e. Since h"(x) = iz >0 for all x>0, there is an absolute
X

minimum at x =e. But A(e) =0 and therefore X Inx>0 forall x>0. This shows
e

that iZlnx forall x>0.
e

(¢) Since X>inx forall x> 0, it is also true that x > elnx for all x > 0.
e

Since the exponential function is an increasing function, this last inequality implies

e
that e* > e = ¥ — x€ forall x > 0.
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1976 AB1

Let f be the real-valued function defined by f(x)=+/1+6x.

(a) Give the domain and range of f.
(b) Determine the slope of the line tangent to the graph of fat x=4.
(c) Determine the y-intercept of the line tangent to the graph of fat x=4.

(d) Give the coordinates of the point on the graph of f where the tangent line is parallel
to y=x+12.
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1976 AB1
Solution

(a) The domain of f'is x> —é.

The range of f'is y>0.

3
(b) fi(x)=
4 V1+6x
The slope of the tangent linec at x =4 is f'(4) = % .
() f(H=5

The tangent line is y—5 = %(x —4)

. . 13
Therefore the y-intercept is at y = R

(d) The tangent line parallel to y = x+12 has slope 1.

3
'x = :1
S V14 6x
9=1+6x
4
X==
3

The coordinates of the point are (%,3) .
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1976 AB2

Given the two functions f and / such that f(x)= x> =3x?—4x+12 and

VAC))
h(x)=9x-3
p forx=3.

forx #3

(a) Find all zeros of the function f.

(b) Find the value of p so that the function % is continuous at x =3. Justify your
answer.

(c) Using the value of p found in part (b), determine whether 4 is an even function.
Justify your answer.
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1976 AB2
Solution

(a) The zeros of f(x)= x> =3x? —4x+12 can be found by factoring. The rational
candidates are £1,+£2,+3,+4,£6,+12. Since f(2)=0, long (or synthetic)
division gives

2 1 3 4 12
2 2 12
1 -1 -6 0

Therefore f(x)=(x— 2)()c2 —x—6)=(x—-2)(x+2)(x—3) and so the zeros are
x=-2,2,3.

(b) For continuity we need that /4(3) = lim A(x).
x—3

lim pACI lim (x—2)(x+2)(x—-3)

=lim(x-2)(x+2)=5.
=3 x—=3 x53 x—3 x—3

Therefore p =35 will make the function 4 continuous at x = 3.

or

h(x)=x>—4 for x#3. When x=3, x> —4=5.Soif p=>5, then h(x)=x"—4
for all x and is therefore continuous.

2
(©) h(x):{x -4 x=#3
5 x=3

h(_x):{(—x)2—4:x2—4 x#3
5 x=3

= h(x)
Therefore 4 is an even function.

or

With p=5, h(x)= x* —4 for all x and / is therefore an even function.
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1976 AB3/BC2

Let R be the region bounded by the curves f(x)= 4 and g(x) = (x — 3)2 :
X

(a) Find the area of R.

(b) Find the volume of the solid generated by revolving R about the x-axis.
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1976 AB3/BC2
Solution y

_ 2
Intersection points occur when y=(x-3)
4
~=(x-3)°
X

0=x>—6x>+9x—4=(x—4)(x—1)
Thus the intersection points are at (1,4) and (4,1).

4
(i—{x—3fjdx
X
4
=4In4-3

(a) Area :J

1

(41&]
3 1

4 "
(b) vomnm::J n((—j—{x—3f}dx
X
1
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1976 AB4

(a) A point moves on the hyperbola 3x? - y2 =23 so that its y-coordinate is increasing

at a constant rate of 4 units per second. How fast is the x-coordinate changing when
x=47?

(b) For what value of £ will the line 2x+9y +k =0 be normal to the hyperbola
3x% —y? =232
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1976 AB4
Solution

(@) 3x?-1?=23
6xQ—2yﬂ =0
dt dt

When x =4, then y =5 and so (6)(4)%— 2(5)(4)=0

Therefore @ = é .
dt 3

(b) The slope of line 2x+9y+k =0 is —%. The slope of the normal will therefore be % .

6x—2yﬂ:O:>Q=3—x
dx dx y
3_x:%:y:2x:>3x2_gx2:23:>x2 =9

Therefore x=%3. Since y = %x , the two points are (3,2) and (-3,-2).

At (3,2), k=-24.
At (-3,-2), k=24.

3x% —y? =23

(3,2
2x+9y+k=0

(=3,-2)
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1976 AB5/BC3
Given the function defined by y =¢*™* for all x such that - < x < 27.

(a) Find the x- and y-coordinates of all maximum and minimum points on the given
interval. Justify your answers.

(b) On the axes provided, sketch the graph of the function.

(¢) Write an equation for the axis of symmetry of the graph.
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1976 AB5/BC3
Solution

(a) y=e" —n<x<2n

2
v " (cosx) and —= y_ ¢*" (cos? x —sin x)
dx dx2
dy T 3n
=0 when cosx =0. The critical points are at x=——, —, —.
dx 22 2
2 2
Atboth x=—Z and x=2%, 971 g Acx=T 9V o oo,
2 2 dx e 2 de

Therefore there is a relative minimum at (—g,lj and (3275 ! j and a relative
e e

maximum at (g,ej. The endpoints are (—m,1) and (27,1).

. L T .. . T
The maximum point is therefore at (5, ej and the minimum points are at (—E,—j

e
and (3—75,1)
2 e

(b)

-7 —T/2

(c) The axis of symmetry is the vertical line x =
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1976 AB6

() Given 5x° +40=| x f(dr.

(i) Find f(x).

(i1) Find the value of c.

(b) 1t F(x)= | 3 V14 g, find F'(x).
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1976 AB6
Solution

() () Take the derivative of both sides of 5x*+40 = [ Y f@)dt to get
C
15x2 +0= f(x). Thus f(x)=15x>.

(i1)) Method 1 (using the result from (1)):

5x® +40 = [ "1502 di = 57 T 53 50
C

C
5¢% =—40
c=-2

Method 2 (using the condition given in the stem with x = ¢):

0
5c3+4o=j0 f(H)dt=0 andso c=-2.

3
(b) F(x)zjx 1+t16dt=—j3" 1+ dr

N x 6 5.)_ 16
F(x)—a(—k 1+1¢ dtj—— 1+ x
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1976 AB7/BC6

For a differentiable function f, let f* be the function defined by

o) fim L&D =Sk
h—0 h

(a) Determine f*(x) for f(x)=x>+x
(b) Determine f *(x) for f(x)=cosx

(c) Write an equation that expresses the relationship between f* and f”, where f”
denotes the usual derivative of f.
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1976 AB7/BC6
Solution

(@) For f(x)=x*+x

((x+h)2 +(x+h))—((x—h)2 +(x—h))
h

£*(x) = lim
h—0

(x> +2xh+h* + x+h)— (x> =2xh+ h* + x—h)

= lim
h—0 h
. 4xh+2h
= lim ————
h—0 h

=4x+2=212x+1)

(b) For f(x)=cosx

cos(x+h)—cos(x—h)
h

£*(x) = lim
h—0

lim (cos xcosh—sin xsin i) —(cos x cos & +sin x sin /)
=1l

h—0 h
. —2sinxsinh
=lim ——M—
h—0
. . sinh
=-2sinx- lim
h—0

=-2sinx-1=-2sinx

© fr0=2f(x)
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1976 BC1

A particle moves on the x-axis in such a way that its position at time ¢ is given by
x(f)=Qt=1)(t-1)>.

(a) At what times ¢ is the particle at rest? Justify your answer.
(b) During what interval of time is the particle moving to the left? Justify your answer.

(c) At what time during the interval found in part (b) is the particle moving most
rapidly (that is, the speed is a maximum)? Justify your answer.
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1976 BC1
Solution

(@) v(t)=x'() =202t -1t =1)+2(t-1)> =2(t ~1)(3t - 2)

The particle is at rest when v(¢) = 0. This occurs when ¢ :§ and r=1.
(b) The motion is to the left when v() <0.

v(t) <0 when t—1<0 and 3t—2>0,i.e. when 7 <1 and t>g.

v(t) <0 when r—1>0 and 3r—2<0,1i.e. when t>1 and ¢ < % But this condition
is impossible.
V(f) + I — | +

I I
2/3 1

Hence the particle is moving to the left only for 2 <t<l.

(c) Since the velocity is negative on the interval, the maximum speed will occur when
the velocity is a minimum.

dv  d’x 5
=—=——=2(t-1D)RB3)+2(3t-2)(1)=12¢t-10=12| t ——
== =200 - 2(3-2)() -3

a =0 when t:i
6

a<0 for §< t <% and a >0 for % <t <1. Therefore the velocity is a minimum at

5 . . . . ) 2
t= o’ and so this is the time that the speed is a maximum on the interval 3 <t<l.
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1976 BC4

(a) Determine J.xz e>dx .

(b) Using integration by parts, derive a general formula for .fx” ¢™dx, k#0, in which

the resulting integrand involves x" .
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1976 BC4
Solution

(a) Let u=x",du=2xdx,dv=e>dxandv :lesx
5

I e dx = x265 ?J. xe>* dx

Let u = x, du = dx, dv=e>*dx, and v = %esx

1 2(1 1
I x2e>¥ dx = = x’e>* ——(—xesx —;I e dxj

5 505
:lx265x__ 5x+i65x+c
5 25 125

(b) Letu=x",du= nx"Vdx, dv = dx, and v = %ek"

I x"e™ dx =lx”ekx —EJ. "1 dx
k k
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1976 BCS

2

(a) Find the general solution of the differential equation % +3y=0.
X
d? y
(b) Find the general solution of the differential equation F +3y=1-¢".
X

(c) Find the solution of the differential equation in (b) that satisfies the conditions that

y=1and d—y:O when x = 0.
dx
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1976 BCS

Solution

(@ y'+3y=0
m?>+3=0
m=0=+ i\/§

The general solution is y = C; cos(\/gx) +GC, sin(\/gx) .

(b) Let y=A+Be ™
—X

y'=-Be
yl! — Be—x

y'+3y=Be *+3(A+Be *)=34A+4Be * =1-¢ "

So 34=1 and 4B =-1. Hence A=% and B=—%.

The general solution is y = C, cos(\/gx) +C, sin(\/gx) + % —%e‘x .

() 1=y(0)=C cos(\/§-0)+C2 sin(x/§-0)+%—ie_0 =C +é
Hence C; =£.
12

y'(x)= —% 3 Sin(\/gx) + Cz\/§ cos(\/gx) +0+ %e‘x

0:3"(0):_% 3Siﬂ(\/g-O)+C2x/§cos(\/§-0)+ie‘0 :Czﬁ+i

1
Hence C; =———.
2 4\/5
The solution is y(x) = 1 cos(v/3x) - L sin(+/3x) + 1.1 e
g 12 43 3 4
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1976 BC7

(a) Write the first three nonzero terms and the general term of the Taylor series

expansion about x=0 of f(x)=5 sin% .

(b) What is the interval of convergence for the series found in part (a)? Show your
method.

(c) What is the minimum number of terms of the series in (a) that are necessary to
approximate f(x) on the interval (-2, 2) with an error not exceeding 0.1? Show

your method.
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1976 BC7

Solution
(a) f(x):SsinGj £(0)=0 f"’(x)__3 Gj f”’(O):;_§
f(x)——cos[;j ro=2 == [gj F90)=0
fw%—m{ﬂ /" (0)=0 ﬂ%m=— G} f@@=%
5 5x 5% e X2
A R TR TR 22’“(2 T

(Note: one could also use the Taylor series for sin(x) as a starting point.)

(b) Ratio test:

5 2
2n+l1 | 2
lim 2 @n+1)! —hm| 3 X |=0<lforallx
n—>0 5 (2l o ‘ 2°(2n+ 1)(271)‘
22 2n-1)!

Therefore the series converges for all real numbers.

(Or, since the Taylor series for sin x converges for all x, so does the series for

£(x)=5sin Gj )

(c) Two (nonzero) terms are sufficient for all x on the interval | X | <2.

5 5%
X)=—x———+0+Rs(x
f() =5 x5 5+ 0+ R ()
S5cos(c/2 5 5 1
|R5( )| I (c/2) x° ==
251 25' 5! 10

Two terms are necessary for the approximation to work for all x in the interval.

N K 5

f(1.9)= 5s1nQ<551n1<551n£=5—<5 —=4.5,but —-1.9=4.75.
2 3 2 2 2

Hence >0.25>0.1 at x=1.9, so one term is not enough.

hﬂw—gx
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1977 AB1

Let f(x)=cosx for 0<x<2m and let g(x)=Inx forall x>0. Let S be the
composition of g with f; that is, S(x)=g( f(x)).

(a) Find the domain of S.
(b) Find the range of S.
(c) Find the zeros of S.

(d) Find the slope of the line tangent to the graph of S at x = g
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1977 AB1
Solution

(@)  S(x)=g(f(x))=In(cosx)

The domain of S is all x in the domain of f for which cosx >0, thatis, 0 < x <§

or 3—n<xS2TC.
2

(b) The range of S'is y <0.

(¢) In(cosx)=0

cosx=e" =1

The zeros are x=0 and x=2m.

1
Cosx

d S'()=

(—sinx)=—tanx

The slope is S'(g) =— tang -3
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1977 AB2
Consider the function f defined by f(x)= (x* =1)* for all real numbers x.

(a) For what values of x is the function increasing?

(b) Find the x- and y-coordinates of the relative maximum and minimum points.
Justify your answer.

(c) For what values of x is the graph of f/ concave upward?

(d) Using the information found in parts (a), (b), and (c), sketch the graph of f on the
axes provided.
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1977 AB2
Solution

@ f()=G"-1
f1(x)=6x(x* ~1)
x<0= f'(x)<0
x>0= f'(x)>0

Therefore the function is increasing for x > 0.

b)  fl(x)=6x(x*-1)?=0

x=0,x=1,x=-1

Since f is decreasing for x < 0 and increasing for x > 0, the only relative minimum
point is at x =0, y =—1 and there are no relative maximum points.

©)  f"(x)=6(x*-1)% +24x> (x> —1) = 6(x> = 1)(5x* 1)

1 1
"x)=0forx=Lx=-Lx=,—,x=—,/—.

The graph of f is concave up when 6(x* —1)(5x* —1) >0 . This happens for all x in
11

—o0,—1)U| = |—,./— [V (],0

BONE .

(d)

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1977 AB3

Given the function f defined for all real numbers x by f(x) = e?

(a) Find the area of the region R bounded by the line y = e, the graph of £, and the
y-axis.

(b) Find the volume of the solid generated by revolving R, the region in part (a), about
the x-axis.
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1977 AB3

Solution

2 2 f

(a) Area :J-o (e—y)a’sz.0 (e—e*?)dx f‘
(2,e)

x/2 2

— (ex—2x )‘0:((ze—2e)—(0—2))=2 1

or (091)-
Areazj1 xdy=2_[1 Inydy >

=2(yIny-y)| =2((e-e)-(0-1) =2

(b) Disks:

2
Volume = nIO (e? —e")dx

= n(e’x — %)

i =n((2e? —*) = (0-1)) = n(e* +1)

Shells:
e e e
Volume = 271!1 xydy = ZRJI 2ylnydy = 471:_[1 yvinydy

2 2
y y
=4n| —Iny——

e

1

2 2 2
:4%[%-%}-(0—%)}:47{%%}n(ez +1)
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1977 AB4/BC2

Let f and g and their inverses f ~!and g_1 be differentiable functions and let the values
of f, g, and the derivatives /" and g’ at x =1 and x =2 be given by the table below.

X[ S| gM) | f1(x) | ')
1|3 ]2 1|5 4
20 2 | n | 6 | 7

Determine the value of each of the following.

(a) The derivative of f+gatx=2

(b) The derivative of fg atx=2

f

(©) The derivative of — atx =2
g

(d) A1) where h(x) = f(g(x))

(e) The derivative of g_1 atx=2
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1977 AB4/BC2
Solution

@ (f+29)()=f(2)+g'(2)=6+7=13

®) (&) (2)=f(2g' )+ ['(2)g(2)=2-T+6-1=14+6m

1Y () 8RS D= fQ)g'Q) _7-6-2-7 _6n-14
© (gj @ (@) 2 2

) (fe)M=/"(gNg'D=/"(2)-4=6-4=24

(¢) h=g '(g(h)). Therefore 1= (g~ ') (g(h))-g'(h). Let h = 1. Then

1=(g7)'(2)-g'()

YY) =L=l
(g)®2 70 4
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1977 ABS/BC3

A particle moves along the x-axis with acceleration given by a(¢) =2t —-10+ 12 for t>1.
t

(a) Write an expression for the velocity v(z), given that v(1)=9.

(b) For what values of ¢, 1 <t <3, is the velocity a maximum? Justify your answer.

(c) Write an expression for the position x(z), given that x(1) =-16.
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1977 AB5/BC3
Solution

(@) v(O)=r*—10t+12In¢+C
9=v(1)=1-10+12(0)+C
C=18

v(£)=1> =10t +121n7 +18

2 -106+12  2(t-2)(t-3)
t

2
(b) a()=
a(t)=0 when t=2 and t=3.

.
1 2 3

Since the velocity is increasing for 1 <7 <2 and decreasing for 2 <t <3, the
velocity is a maximum at ¢ = 2.

or
The maximum will be at # =2 or at an endpoint.

) 212
Vi(t)=a'(t) = 7

Since Vv'(3)=0 and v"(3) = % >0, then v has a relative minimum at ¢ = 3.

v()=9<v(2)=2+12In2=2+12-(0.7)=10.4
Therefore the maximum velocity is at ¢ = 2.

3
© x(t)zjv(t)dt:%—Stz+18t+12(t1nt—t)+D

—16:%—5+18—12+D
D=-16-2-_32
3 3

3
x(t)z%—Stz +6t+12tlnt—%
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1977 AB6

A rectangle has a constant area of 200 square meters and its length L is increasing at the
rate of 4 meters per second.

(a) Find the width W at the instant the width is decreasing at the rate of 0.5 meters per
second.

(b) At what rate is the diagonal D of the rectangle changing at the instant when the
width W is 10 meters?
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1977 AB6
Solution

(a)

(b)

Implicit
LW =200

Ld—W+Wd—L=O
dt dt

(=0.5)L+4W =0
L=8W
8?2 =200

W= %:\/5:5

Implicit with W

D* =1*+W?
When W =10, L =20 and D? =500

LY L
dt dt dt

From (a),
aw W dL 10

dr L dt 20

D 1
& (20-4+10(=2
dt 10J§( 2)

dD 6

di 5

Explicit

aw

dr > dt

200 dL

—0.5:—2—020-4
L

I =1600 so L = 40

200

W=
40

5

Explicit

D=~L*+W?

2
D= L2+(&]
L

2
5, 2000)
dD 3 dL

dt 2 dt
2 L2+(200j
L

dD  2-20-10

e it R |
dt  2\20% +10?

D 6

a5
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1977 AB7/BC6

Let f be the real-valued function defined by f(x) = sin® x + sin’ | X | .

(a) Find f'(x) forx>0.

(b) Find f'(x) forx<0.

(c) Determine whether f(x) is continuous at x =0 . Justify your answer.

(d) Determine whether the derivative of f(x) exists at x =0 . Justify your answer.
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1977 AB7/BC6
Solution

(a) Forx>0
f(x)= sin® x+sin’ x = 2sin® x

£'(x) = 6sin® xcos x

(b) Forx<0
F(x)=sin® x+sin®(=x) =sin® x—sin® x =0

f'(x)=0

(© f(0)=0

lim f(x)= lim 2sin®x=0

x—0" x—0"

lim f(x)= lim 0=0

x>0~ x—>0"

Since lim f(x)=0= f(0), the function f is continuous at x = 0.
x—0

if the limit exists. Atx =0

@ f=timL (’”h]z‘f ()

lim S=7O) = lim 2sm f = lim 2-sin® h- sinh _
h—0" h h—0" h h—0"

lim ~¥—————~—~~ S - f(O) =lim —= lim 0=0

h—0" h h—0" h—0~

Therefore lim w
h—0 h
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1977 BC1

X

5 for all real numbers x.
+Xx

Let f'be the function defined by f(x) = |

(@) (1) Find the zeros of f

(i) Investigate the symmetry of the graph of f with respect to the x-axis, y-axis,
and the origin.

(iii) Find the x- and y- coordinates of the relative maximum and minimum points
of f. Justify your answer.

(iv) Describe the behavior of the graph of f for large | X | .

(v) Using the information found above, sketch the graph of f on the axes
provided.

(b) Find the area of the region bounded by the graph of f, the x-axis, and the

linesx:% and x=k for k>1.
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1977 BC1

Solution
(@ () f(x)=——5=0 only whenx=0.
I+x
(i) f(-x)= = 5 == al 5=—/(%). Therefore the graph is symmetric about
I+(—x) 1+x
the origin. There are no other symmetries.
)
(i) f'(x) :1—"22. So f'(x)=0 when x=1 and x=—1.
1+x7)
—6x+2x°
10 ==
(1+x%)

Since f"(-1)= % > 0, there is a relative minimum at (—l, —%j .

Since f"(1)= _?4 <0, there is a relative maximum at (1,%) :

Alternatively, f'(x)>0 for |x | <l and f'(x)<0 for |x | >1. Therefore there

) . . 1 . . 1
is a relative minimum at | —1, > and a relative maximum at 1,5 .

(iv) As |x| — 00, f(x)— 0. So the graph approaches the x-axis asymptotically.

)
y
A
T 1
(13)
; ; ; ! > X
1
(-1.-3) |
k
xdx 1 2 k 1 2 1 1
b) Area = =—In(1+x =—In(l+4£°)——=In| 1 +—
®) J11+x2 2 )‘i p A= [ k2j
k
—lln(1+k2)— l1n(k2+1)—11n(k2) —lln(kz)—lnk
2 2 2 2
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1977 BC4

(a) If /2¢*" is a particular solution of the differential equation »"—4y'+ py =0, find
the value of p and the general solution of the equation.

(b) Find the particular solution of the differential equation y"—4y'+5y =0 that

satisfies the condition that y=0 and y'=1 when x :g .
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1977 BC4
Solution

(a) Method 1:

y= \/Eer

yr:2\/§e2x
yrr:4\/§eZX

Substituting into the differential equation
(432 =82 + pf2)e?* =0

Therefore p = 4.

The differential equation is now

V'—=4y' +4y=0

The auxiliary equation is

K —4k+4=(k-2)*=0

whose only solution is k£ =2 . Therefore the
general solution to the differential equation is

y=(c + czx)ezx )

(b) The auxiliary equation for y"—4y" +5y =0 is

k? —4k+5=0
+/—
k=4—j_4=2i

Method 2:
The auxiliary equation is
k*—4k+p=0

The roots are

k:4iﬂ16—4p =2i\/4T

5 p

For v/2¢** to be a solution to the
differential equation, one root must be 2.
Therefore p =4 and k£ = 2 is a double root.

The general solution is therefore

y=(c +cpx)e”™

Because the roots are complex, the general solution is y = e** (cjcosx+c,sinx).

At ng’ O=y=¢-0+cy-1=0c,.

y =e** (¢ cosx)

!

y' = e**(2¢, cos x —¢; sin x)

At x=g, 1=y"'=e"(2¢;-0—¢;-1) and so ¢, =—¢ "

2x

The solutionis y =—e~* " cosx.
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1977 BCS

o= 2. :
(a) Does the series Z — sin (EJ converge? Justify your answer.
j=1J

J

n
(b) Express lim z 2 sin (k_nj as a definite integral and evaluate the integral.
n—>o0 k=1 n n
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1977 BC5
Solution

(a) Comparison Test

OS%sin(ijS% for j>1
J JJ)

. o= 2 : =2
The series Z_z converges (p-series for p > 1), so the series 2751n (EJ also
j=1J j=1J J

converges.

Note: Could also use the integral test or show that the series converges absolutely.

n
(b) The finite sum Z gsin (k_nj is a right Riemann sum for the function

f(x)=2sin(nx) over the interval 0 <x <1. Therefore

N2 . (k= 1.
lim z —sin (7j = j0251n(nx) dx

n—w 7 N
1
= —gcos(ﬂ:x) = —z(cosn —cos0)
0 T
:—g(—l—l)zi
T T
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1977 BC7

1
1+¢

dt for all real numbers x.

Let F(x)=j0" y

(a) Find F(0).
(b) Find F'(1).
(c) Justify that F(3)-F(1)<1.

(d) Justify that F(x)+ F(—x)=0 for all real numbers x.
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1977 BC7

Solution
0
(a) F(0>=j
o 1+
, 1
(b) F(x)= )
1+x
=L
Fh=

(©)

We have

1+

3
F(3)-F(1) =j

1

(d)

|
—x 1+¢4

F(x)+F(-x) =

3
F(3)-F(1) =J
1

vl

t4

1

0

1

dt
w1t

1 . e .
<— for 1<¢<3. The inequality is strict except at one point. Hence

1 31 1
4dt<J —dt=2(—j=1
1+¢ 1 2 2
X
2 dt since 2 is an even function. Therefore
o 1+¢ 1+¢
rxX 1 r—X 1
4m+ 4m
Jo 1+¢ Jo 1+¢
rxX 1 ('0 1
4dt— 4dt
J0 1+t .)—x1+t
rxX 1 r X 1
4dt— 4dt
Jo 1+t¢ Jo 1+t¢
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1978 AB1

Given the function f defined by f(x) = X —x? —4x+4.

(a) Find the zeros of f.

(b) Write an equation of the line tangent to the graph of fat x=-1.

(c) The point (a,b) is on the graph of f and the line tangent to the graph at (a,b)
passes through the point (0,—8), which is not on the graph of /. Find the values of
a and b.
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1978 AB1
Solution

(a) The zeros of f(x)= x> —x? —4x+4 can be found by factoring. The rational
candidates are +1,£2,+4. Since f(1)=0, long (or synthetic) division gives

1 I -1 4 4
1 0 4
1 0 4 0

Therefore f(x)=(x— l)(x2 —4)=(x—1)(x—2)(x+2) and so the zeros are
x=1,2,-2.

(b) [f'(x)=3x*-2x—-4
(=D =3(-1)"-2(-1)-4=1
SED=(D) = () -4(-D+4=6

The tangent line is y—6=(I)(x+1) or y=x+7.
(¢c) The slope of the line from (a, b) to (0, —8) is equal to f'(a). This gives

b+8
a

3d%> —2a—4

Since (a,b) is on the graph, we also have

b=a’—a®—4a+4.
Combining the two equations gives

3¢ -2a° —4a-8=a’—a* -4a+4
2a° —a*-12=0

a=2

b=8-4-8+4=0
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1978 AB2

Let f(x)=(1- x)2 for all real numbers x, and let g(x) =Inx for all x> 0. Let
h(x)=(1-Inx)>.

(a) Determine whether 4(x) is the composition f(g(x)) or the composition g( f(x)).
(b) Find A'(x).
(¢) Find A"(x).

(d) On the axes provided, sketch the graph of 4.

Y
=
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1978 AB2
Solution

@ f(g)=f(nx)=(-Inx)?

g(f(x) = g((1-x)*) = In((1 - x)*)

Therefore h(x)= f(g(x)).

(b) H(x)= 2(1—lnx)(_lj _y. Inx-1
X

X
X L (Inx-1)
(©) h'(x)=2-—*— :2-2_12“
X X
(d)
y
A
inflection pt.
(e,0) 21
° (e,1)
abs. min.
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1978 AB3

Given the function f defined by f(x) = 22 X2

X rx-2
(a) For what values of x is f(x) discontinuous?

(b) At each point of discontinuity found in part (a), determine whether f(x) has a limit
and, if so, give the value of the limit.

(c) Write an equation for each vertical and horizontal asymptote to the graph of f.
Justify your answer.

a

(d) A rational function g(x)= 5 is such that g(x) = f(x) wherever f is defined.

+x
Find the values of a and b.
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1978 AB3
Solution

2(x-1)

@ f(x) Zm

f is discontinuous when (x—1)(x+2)=0. This occurs at x=1 and x =-2.

2(x-1)

(b) = for x#1.
(x-D(x+2) x+2
At x=-2: lim does not exist
x—>2x+2
At x=1: lim

) 2
exists and has the value —
x=lx+2 3

(c) The horizontal asymptote is y =0 because lim
x—0o X +2

=0, or because

lim = lim 2 =0.

x>—0X+2 x>toXx+2

The vertical asymptote is x = -2 because lim =00,
x—>-2x+2
2 2
d flx)= for x #1. Therefore g(x)= andsoa=2and b=2.
x+2 2+x
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1978 AB4

A particle moves on the x-axis so that its velocity at any time ¢ is given by v(¢) =sin2¢.
At t =0, the particle is at the origin.

(a) For 0<¢<m, find all values of ¢ for which the particle is moving to the left.

(b) Write an expression for the position of the particle at any time z.

(¢c) For 0<¢< g, find the average value of the position function determined in part (b).
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1978 AB4
Solution

(@) v(t)=sin2t 0<t<m

The particle is moving to the left when sin 2z < 0. This happens when © <2¢ <27,

T
or —<t<T.
2
(b) S(t)=j-sin2tdt=—%cos2t+c

0=s(0)=—%cosO+C:—%+C

Therefore s(¢) = —%cos 2t +%

1 /2 1

(c) Average Value = —J ——(cos2t—1)dt
T_ 0”0 2

2

1 pm/2
_—;jo (cos2t—1)dt
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1978 AB5/BC1

Given the curve x% — Xy + y2 =9.

(a) Write a general expression for the slope of the curve.

(b) Find the coordinates of the points on the curve where the tangents are vertical.

(c) Atthe point (0,3) find the rate of change in the slope of the curve with respect to x.
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1978 AB5/BC1
Solution

(a)

Implicit differentiation gives
2x—xy'—=y+2y'=0
2y-x)y'=y-2x

' y—2x

a 2y—x

(b) There is a vertical tangent when 2y —x =0, so x =2y . Substituting into the

(©)

equation of the curve gives (2 y)2 -2y)y+ y2 =9,0r3 y2 =9. Therefore y = +3
and the two points on the curve where the tangents are vertical are (2x/§ ,\/g ) and

(-243,-/3).

= 2y-n0'-2)-(y-20)2y' -1

2y -x)*
NP (6—0)@—2)—(3—0)(]—1) |
At the point (0,3), y'=——=—andso y"= -
6-0 2 (6-0)* 4

Alternatively, one can use implicit differentiation a second time to get
" ’ ' ' "2

2-xy"=y' =y +2yy'+2(y)" =0
o , 1.

Substituting x=0, y=3, and y :E gives

1 1 1 3 1
2-0-——=+6)"+2| = |=0=26)"=—==)"'=——
2 27 (4) yETRTr e
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1978 AB6/BC3

Y
=

Given the function f defined by 7 (x) = e

(a) Find the maximum area of a rectangle that has two vertices on the x-axis and two
on the graph of f. Justify your answer.

(b) Let R be the region in the first quadrant bounded by the x- and y-axes, the graph
of f, and the line x = £ . Find the volume of the solid generated by revolving R
about the y-axis.

(c) Evaluate the limit of the volume determined in part (b) as & increases without
bound.
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1978 AB6/BC3
Solution

(@) A(x)=2xe™
A(0) =2 +2xe ™ (<2x)=2¢F (1-2x2)
Ax)=0=1-2x>=0

1

X=—F

NG

Since A'(x)>0 for 0<x< L and A'(x)<0 for x> % , the maximum area is

N2
_of L2 |2
Amax 2( lzj

e

ko _.2
(b) Volume =27cJ-0 xe " dx

3 k _2 3 —x2
= —nIO e (2x)dx=-me

or
Volume = TEII 2 (—ln )d +Tte_k2 k2
ot y)ay

1 72 12 12 72 12
:—n(ylny—y)‘ 2 +rkle™ :n—(—ne Fine™* +re* )+nkze k
e
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1978 AB7/BC6

Let g and % be any two twice-differentiable functions that are defined for all real
numbers and that satisfy the following properties for all x:

() (g(x)* +(h(x)* =1
(i)  g'(x)=(h(x))
(i)  A(x)>0

(iv) g(0)=0
(a) Justify that /4'(x) =—g(x)h(x) for all x.
(b) Justify that 4 has a relative maximum at x=0.

(c) Justify that the graph of g has a point of inflection at x=0.
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1978 AB7/BCé6
Solution

(@) 2g(x)g'(x)+2h(x)N'(x)=0 from differentiating both sides of (i)
gO)(h(x))” +h(x)h'(x) =0 from (ii)
Since /(x)# 0 by (iii), we must have g(x)h(x)+h'(x)=0.
Therefore 4'(x) = —g(x)h(x)

(b) Since g(0)=0, #'(0)=—-g(0)h(0)=0.
h'(x) = =g () (x) - g'(x)h(x)
1"(0) = —g(0)4'(0) — g'(0)A(0) = 0 — h(0)> h(0) = —h(0)* <0 since /h(x)>0 for all x.
Therefore 4 has a relative maximum at x = 0,

Alternatively, since g'(x) = (h(x))2 , £ 1s an increasing function. Since g(0)=0, we
must have that g(x) <0 forx <0 and g(x)>0 forx>0. Now #'(x)=—g(x)h(x)
and h(x)> 0. Therefore #'(x) >0 for x <0 and A'(x) <0 for x> 0. Hence / has a
relative maximum at x = 0.

(c)  g"(x)=2h(x)l(x)=—-2g(x)(h(x))?. Therefore g"(x) changes sign at x = 0 because
h(x)=0 and g(x) changes sign at x = 0 (see part (b)). This implies that the graph
of g has a point of inflection at x = 0.
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1978 BC2

Given the function f defined by f(x)=x|x+2| forall x such that —3<x<1.

(a) Find the values of x in the given interval for which f is increasing. Justify your
answer.

(b) For what values of x is the graph of f concave downward?
(c) On the axes provided below, sketch the graph of f.

(d) TIs f'(x) continuous for all x in the given interval? Justify your answer.

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1978 BC2

Solution
—x?—2x for —3<x<=2
@ f)=1
x“+2x for —2<x<1
, —2x-2 for —3<x<-2
f(x)=
2x+2 for —2<x<1

One the interval -3<x<-2, f'(x)=-2x-2>0 when x <—1, that is, for all x in
this interval. On the interval -2 <x <1, f'(x)=2x+2>0 when x > —1. Therefore
f is increasing on the intervals [-3,2) and (-1,1].

-2 for —3<x<-2
2 for —2<x<1

(b) f'(x)= {

The graph of f is concave downward on [-3,-2).

(©)

d lim f'(x)=-2
x—>-2"
lim f'(x)=2

x—>-2"

Therefore lim f'(x) does not exist and hence /' is not continuous at x = —2.
x—>-2
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1978 BC4

(a) Intheinterval 0 <x < g , find the general solution of the differential equation

(cotx)%+y:cscx.

(b) Find the solution of the differential equation in part (a) that satisfies the condition

that y =0 when ng.
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1978 BC4
Solution

(a) 4 +(tanx)y =secx
dx

tan x dx —1
I — g Incosx

The integrating factor is e = sec x . Multiplying by this factor gives

(secx) % +(secxtanx)y = sec? x
X

4 ((secx)y) = sec? x
dx

(secx)y=tanx+C

The general solution is y =sinx+Ccosx.

(b)y 0= sin =+ Ccos =
3 3

O:£+1C
2 2

C=-3

The solution is y =sinx—+/3cosx .
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1978 BCS

The power series Z @x” has the interval of convergence —1<x<1. Let f(x)
= nt

be its sum.
(a) Find f(0)and f'(0).

(b) Justify that the interval of convergence is —1<x<1.
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1978 BC5
Solution

@ ro="Ig

1
In2
!O -~
S0)==
In(n+2) nn
(b) lim |22 | g | D
now| In(n+1) | o[ (1) | aoe n+2
n+l

The series converges if |x| < 1. Now check the endpoints.

At x=-1,

(1) the series is alternating

(11) ln(’Hl)—>0asn—>oo since lrl—x—>0a5x—>oo
X
(iii)M Inn for n >3 since Inn decreases for x > e.

n+l n n
Therefore the series converges for x =—1
At x=1,

Comparison Test:

In(n + 1)
n+1 n+1

In(n+1)>1forn>2, so forn>2

Therefore the series diverges at x = 1 by comparison with the divergent

harmonic series.

or

Integral Test:

flln(n+l)Z °°1n(x+1)dx:hmjtln(x+1)d _11m (1n(x+1))2

o nhtl 7 x+1 t»wo) 2 x+1

Therefore the series diverges at x = 1.
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1978 BC7

A particle moves in the plane so that at any time 7, 0 <7 <1, its position is given by

xX= iegt -2t and y = ¢* . Let C denote the path traced by the particle.

(a) Find the components of the velocity vector for any time ¢.
(b) Find the arc length of C.

(c) Setup an integral, involving only the variable ¢, that represents the area of the
surface generated by rotating C about the y-axis. Do not evaluate the integral.
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1978 BC7

Solution
dx 8t
a —=2e" =2
(a) 7
ﬂ — 4e4t
dt

(b) Arc length = Iol \/(Z(egt ~1)? + (4e*)? dt

1 1
= [ V4e! —8eM +4+166% dr = [ V4! +86% +4 di

= [N@e v 27 di=[ 26 + 1)

= 2(16& +tj
8

1
:2(le8+1—l—0 =
o \8 8

rl

(c) Surface area =27 (% M- Zt) \/(2(6& —1))* +(4e*)* dt

JO

r1

70
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=27 (i A — 2tj (2e8’ +2)dt (see part (b) for simplification)



	1969
	1970
	1971
	1972
	1973
	1974
	1975
	1976
	1977
	1978



